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Two classes of carbon nanomaterials—carbon nanotubes and graphene—have 
promoted the advancement of nanoelectronics, quantum computing, chemical sensing 
and storage, thermal management, and optoelectronic components. Studies of the thermal 
radiative properties of carbon nanotube thin film arrays and simple graphene hybrid 
structures reveal some of the most exciting characteristic electromagnetic interactions of 
an unusual sort of material, called hyperbolic metamaterials. The features and results on 
these materials in the context of both far-field and near-field radiation are presented in 
this dissertation. 
Due to the optically dark nature of pyrolytic carbon in the wavelength range from 
visible to infrared, it has been suggested vertically aligned carbon nanotube (VACNT) 
coatings may serve as effective radiative absorbers. The spectral optical constants of 
VACNT are modeled using the effective medium theory (EMT), which is based on the 
anisotropic permittivity components of graphite. The effects of other EMT parameters 
such as volume filling ratio and local filament alignment factor are explored. Low 
reflectance and high absorptance are observed up to the far-infrared and wide range of 
oblique incidence angles. The radiative properties of tilt-aligned carbon nanotube 
(TACNT) thin films are illustrated. Energy streamlines by tracing the Poynting vectors 
are used to show a self-collimation effect within the TACNT thin films, meaning infrared 
light can be transmitted along the axes of CNT filaments. 
Graphene, a single layer sheet of carbon atoms, produces variable conductance in 
the terahertz frequency regime by tailoring the applied voltage gating or doping. 
Periodically embedding between dielectric spacers, the substitution of graphene provides 
xix 
low radiative attenuation compared to traditional metal-dielectric multilayers. The 
hyperbolic nature, namely negative angle of refraction, is tested on the graphene-
dielectric multilayers imposed with varying levels of doping. EMT should be valid for 
graphene-dielectric multilayers due to the nanometers-thick layers compared to the 
characteristic wavelength of infrared light. For metal- or semiconductor-dielectric 
multilayers with thicker or lossier layers, EMT may not hold. The validity of EMT for 
these multilayers is better understood by comparing against the radiative properties 
determined by layered medium optics. 
When bodies of different temperatures are separated by a nanometers-size 
vacuum gap, thermal radiation is enhanced several-fold over that of blackbodies. This 
phenomenon can be used to develop more efficient thermophotovoltaic devices. Due to 
their hyperbolic nature, VACNT and graphite are demonstrated to further increase 
evanescent wave tunneling. The heat flux between these materials separated by vacuum 
gaps smaller than a micron is vastly improved over traditional semiconductor materials. 
A hybrid structure composed of VACNT substrates covered by doped graphene is 
analyzed and is shown to further improve the heat flux, due to the surface plasmon 




  CHAPTER 1 
  INTRODUCTION 
 
  The Lycurgus Cup, created around 300 A.D. during the Roman Empire, is 
possibly one of the earliest pieces of photonic metamaterials containing nanoscale 
materials [1]. The presence of fine gold dust, identified today as nanoparticles, gives the 
translucent artifact a yellow-green hue when illuminated from behind, but appears red 
when looking through the glass. In 1908, Gustav Mie used Maxwell’s electromagnetic 
theory to explain this phenomenon: The size of the nanoparticles affects the wavelength 
of radiative absorption bands, called plasma oscillation (plasmon) resonance [2,3]. The 
understanding on how light interacts with subwavelength structures, or nanostructures, 
has just recently ignited theoretical and technological developments in engineering, 
physics, biology, and more. Among the examples are metallic nanoparticles called 
quantum dots for biomolecular imaging [4,5], nanowire/tube arrays for photonic emission 
and sensing [6-8], and engineered crystals consisting of patterned lattices for optical 
devices and thermophotovoltaic (TPV) components [9-12].  
 Carbon, the fourth most abundant element in the universe, holds surprising 
qualities that may enable renewable production and better sustainability in nanoscale 
technologies [13-15]. Modern treatments of graphite, such as carbon nanotubes and 
graphene, have resulted in mechanical and electronic components many orders of 
magnitude smaller than those produced using traditional semiconductors such as silicon 
[16,17]. The discovery of these carbon nano-allotropes accelerated the trend of ever-
increasing electromechanical capabilities at smaller and smaller length scales. The 
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investigation of optical or thermal radiative properties of such aforementioned 
nanomaterials may provide solutions for pressing engineering problems, such as waste 
heat recovery, alternative energy sources, and spacecraft design. 
 
  1.1 Carbon Nanomaterials 
 In 1985, a group at Rice University, only later to become recipients of the Nobel 
Prize in Chemistry in 1996, discovered a soccer ball-shaped nanoparticle composed of 60 
or so carbon atoms [18]. This stable carbon allotrope was called buckminsterfullerene 
(sometimes fullerene or buckyball), and fueled further developments in graphite-based 
synthetic chemistry. One of the most notable offsprings of this breakthrough was the 
carbon nanotube (CNT), first synthesized in 1991 by Sumio Iijima of NEC Corporation 
in Japan [19]. Composed of concentrically wrapped graphitic carbon sheets, this hollow 
needle-like tubule possessed surprising properties such as low mass density, mechanical 
strength, and electric conductivity [20-22]. Since then, CNTs have been incorporated in 
engineering technologies to exceed capabilities offered by traditional bulk 
semiconductors [14,23,24]. Applications utilizing CNTs include chemical storage, 
structural nanocomposites, transistor circuits, thermally conductive interfaces, and more 
continue to develop [13,25-28]. 
 In this dissertation, we are interested in the light emission and absorption 
properties of carbon nanotube arrays for applications regarding thermal radiation heat 
transfer. The radiative properties of vertically aligned carbon nanotube (VACNT) arrays 
was first noticed after performing ellipsometry measurements, which looked similar to 
antireflecting glassy carbon films [29]. The antireflective nature of VACNT is due to the 
sparse packing density of CNT filaments, and the near-unity refractive index to match air 
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or vacuum incidence media [30,31]. Near-blackbody radiative properties such as ultralow 
reflectance and near-unity absorptance were observed in broad wavelengths regions, from 
the visible to mid-infrared [31-33]. The radiative properties of VACNT coatings have 
been recognized in many applications such as spacecraft radiometers and bolometers 
[34,35], pyroelectric radiation detectors [36-38], and solar cell collectors [39,40]. 
 As thin films, CNT arrays have demonstrated wavelength-selective transparency 
that suggests applications in light filtering and waveguiding [41-43]. Surveys of 
randomly aligned single- or double-walled CNTs have obtained high reflectance in the 
far-infrared wavelength region [44-46]. Theoretical studies have reasoned that the 
radiative properties are due to the electronic interband transitions and the plasmonic 
resonances that depend on the chiral orientation of neighboring single-walled CNT 
filaments [47,48]. The composition of the CNT filaments, being either single-walled or 
multi-walled, is a crucial factor in determining the wavelength-selective radiative 
properties. Spectroscopic measurements in the infrared have shown high absorptance of 
multi-walled VACNT arrays [49-51], but leaves radiative properties in broader 
wavelength regions to be desired. In this dissertation, the spectral and angular radiative 
properties of VACNT arrays are theoretically investigated from the near- to far-infrared 
wavelengths. The optical constants of VACNT arrays are modeled using a coordinate 
transformation of the dielectric function of graphite, which is extracted from data 
available in wavelengths from 1 um to 1000 um.  
 To sample fresh surfaces of highly-ordered pyrolytic graphite, by practice 
scientists will remove thin carbon flakes using adhesive tape. On a whim, a group led by 
Andre Geim at the University of Manchester in the U.K. determined the electronic 
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properties of this byproduct, which resulted in a Nobel Prize in Physics in 2010 for Geim 
and his assistant Kostya Novoselov [52]. Called graphene, carbon sheets of single atom 
thickness hold a unique state of quantum superconductivity. As a consequence of the sp2 
type orbital structure of graphene, free electrons existing in the S S  bond plane can be 
mobilized with linear variance under potential biasing [17,52]. Biasing methods such as 
voltage gating or chemical doping have initiated the development of atomic-scale 
transistors [53], molecular sensors [54], and thin touch-screen displays [55]. This new 
class of tunable semi-metal that is uniquely 2-dimensional has enabled remarkable 
technologies in optical cloaking of nanomaterials [56], transparent plasmonic 
metasurfaces [57,58], ultrafast photodetectors [59], and numerous other applications in 
terahertz wave physics [60].  
  The absorption spectrum of graphene is characterized by a transitioning energy 
band in the terahertz frequency regime [61,62]. The threshold between the regime 
obeying free electron absorption (intraband) to one of fixed universal conductivity 
(interband) can be tuned by modulating the chemical potential or Fermi level [63,64]. 
This specific behavior allows the design of photonic switches. Examples of nano-
patterned photonic devices include graphene nanodisk and nanoribbon arrays [57,65], 
graphene-enhanced resonance gratings [66], and graphene-dielectric multilayers [67-69]. 
The latter option can be easily fabricated, since lattice-matching dielectrics can be 
deposited below and above single-layer graphene without interfering with the individual 
material properties [70-72]. While the graphene-dielectric multilayers are shown to tailor 
emission and transmission bands in the infrared [67,73,74], their qualities in thin film 
infrared optics have yet to be investigated. 
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  1.2 Hyperbolic Metamaterials 
 Since the findings of Maxwell’s equations and Mie’s scattering theory of 
nanoparticles, theorists have wondered: Can there be artificial materials that exhibit 
negative refractive index? In 2000, John Pendry from the U.K. specified a nanometers-
thin medium with negative dielectric permittivity and magnetic permeability [75]. In this 
manner, without the need for traditionally shaped lenses, light focusing of features below 
the diffraction limit can be achieved with thin flat films, called superlensing. Hyperbolic 
metamaterials (HMMs) are unconventionally designed and structured media that 
demonstrate negative refraction of electromagnetic waves [76-78]. Examples of HMMs 
include conductive nano-slabs [79], metallic nanowire arrays [80,81], and metal-
dielectric multilayers [82-84]. Potential applications of metamaterials are not limited to 
just imaging: Others are optical cloaking [77,85], coherent radiative emission [86,87], 
and effective design of TPV components [88,89]. 
 It is easier to construct nonmagnetic HMMs of single negative electrical 
permittivity, as the free electron motion is confined in one spatial direction [76]. In this 
case, the principal components of the dielectric tensor are opposite in sign, called single-
negative hyperbolic. This anisotropy can be achieved through growth and patterning of 
common isotropic materials [81,83,87]. Ways to tilt the optical axis of the medium can 
introduce media of tunable optical dispersions [68,90]. Simple computational methods, 
which will be elaborated in the next section, have modeled the homogeneous and 
anisotropic dielectric function of various hyperbolic medium configurations [3,91-94]. 
An example of a naturally occurring HMM is graphite. Due to the bandgap-separated 
conduction regimes similar to that of graphene, graphite is shown to demonstrate 
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negative refraction in the UV and infrared wavelengths [95]. Since multi-walled CNT 
arrays are essentially long rolls of graphite placed on one end [91,96], hyperbolic 
characteristics may emerge. 
 The advantages of HMMs do not end in just propagating electromagnetic waves 
for far-field thermal radiation. For evanescent waves characterized by a complex 
wavevector space, photon tunneling between gaps and resonant coupling of surface 
plasmon polaritons (SPPs) exist to enhance energy transfer in near-field nanometer 
distances. Applications where these facets are relied upon include atomic probe 
microscopy [97-99], magneto-resistive data storage [100,101], and emitter-receiver 
interfaces in TPV cells [12,102]. Conventional semiconductor substrates in the near field 
have demonstrated amplification of photonic density of states [103,104], and 
enhancement of heat flux between heated emitter and receiver substrates [102,105,106].  
 It has been shown that hyperbolic media such as silicon nanowires and metal-
dielectric multilayers can support extended photon tunneling modes, where near-unity 
radiative energy transmission across a vacuum gap is possible for wavevectors possessing 
large imaginary terms [107]. CNT arrays may be an analog to these known hyperbolic 
substrates. Furthermore, thin metal or semiconducting layers placed in between 
emitter/receiver substrates and the nanometer-size vacuum gap were found to excite SPP 
resonance coupling [108,109]. Graphene may be an ideal candidate for covering 
hyperbolic substrates, so naturally a hybrid graphene-CNT array heterostructure is 






1.3 Objectives and Outline 
 The objective of this dissertation is to: Understand the thermal radiation 
properties of CNT arrays and graphene, in order to design thin films or photonic devices 
that demonstrate characteristics of HMMs in both far-field and near-field heat transfer. 
The electronic structure and data surveys of graphite are studied to derive the optical 
properties of CNT arrays. Effective medium theory (EMT) is used to determine the 
homogeneous medium properties of CNT arrays and multilayers. Case studies of various 
multilayer compositions are investigated to find limitations of EMT. The conductivity of 
graphene is modeled, and the radiative coefficients for both far- and near-field are given 
for interfaces containing 2D conductive sheets. Metrics are developed to ascertain the 
underlying mechanisms of near-field plasmon resonance and tunneling, which enhance 
heat flux enhancement over blackbody. The works presented in this thesis can potentially 
impact the advancement of thermal radiative converters, coatings, and interfaces for 
nano-electronic devices. 
 The Chapters in this dissertation are organized as followed: Chapter 2 is the 
theoretical background needed for understanding the subsequent chapters. Topics covered 
in this chapter include spectral dielectric functions, EMT, hyperbolic dispersion relations, 
layered medium optics, Poynting vectors, and fluctuation dissipation theory for near-field 
thermal radiation. Chapter 3 shows the results of the thermal radiative properties of 
VACNT, as well as tilt-aligned carbon nanotube arrays (TACNT). Conventional 
properties include specular reflectance, transmittance, and absorptance in either semi-
infinite media or thin films. Specialized properties are radiation penetration depth, energy 
streamlines, and refraction and polarization angles. Chapter 4 involves the study of 
various metal-dielectric multilayers and their hyperbolic nature. This portion introduces 
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the radiative properties of graphene in multilayers, and the impact graphene has on tuning 
positive or negative angle of refraction. Various metal- or semiconductor-dielectric 
multilayers are investigated to better understand the use and limitation of effective 
medium theory in hyperbolic dispersion regimes. Chapter 5 presents graphite, VACNT, 
and graphene for near-field thermal radiation. The fundamental mechanisms of near-field 
thermal radiation are elucidated, and the advantages of using hyperbolic materials as 
thermally emitting or absorbing bodies are made clear. A hybrid structure consisting of 
both VACNT and graphene is devised in this chapter to further enhance near-field heat 
transport. The graphene-dielectric multilayer from the previous chapter is revisited in the 
near-field scheme. Chapter 6 concludes the dissertation, and discusses the outlook for 





  CHAPTER 2 
  THEORETICAL BACKGROUND 
   
 This chapter covers the theory and methods needed to determine the radiative 
properties of carbon nanomaterial media. Maxwell’s equations relevant in this study are 
revisited, and the relative dielectric permittivity is defined. The photon absorption 
processes in graphite are discussed in the context of its spectral dielectric function. 
Similarly, the conduction models of graphene are laid out, and the 2D geometrical 
assumptions are clarified. Section 2.2 introduces the effective medium theory for various 
metamaterial configurations. Whether the medium reveals hyperbolic dispersion is 
qualified, and two types of single-negative hyperbolic dispersion are characterized. 
Section 2.3 presents the radiative properties and coefficients, calculated from the 
culmination of the previous two sections. A subsection details the energy flux pathways 
or energy streamlines by tracing the local Poynting vectors. Lastly, Section 2.4 provides 
fundamental theory of the fluctuational electrodynamics, and the coefficients needed to 
determine the near-field heat flux. In multilayered emitter and re ceiver substrates, the 
penetration depth is defined to provide qualification of semi-infinite substrates. 
 
  2.1 Dielectric Function of Materials 
 The Maxwell’s equations describe the propagation of electromagnetic waves in 
media governed by the electric permittivity and magnetic permeability [3]. Nonmagnetic 
media have permeability matching that in vacuum ( 0P ), which satisfy the category of 
materials considered in this dissertation. Materials that are called general dielectrics are 
isotropic, non-dissipative (lossless), homogeneous, and linear (independent of position, 
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time, and electromagnetic field). However, the first two qualities are not always the case 
for real and pure materials. The dielectric function (H ), defined as the permittivity in the 
medium divided by the vacuum permittivity ( 0H ), may be anisotropic and expressed in a 
dyadic tensor (in bold). The electric and magnetic field vectors are therefore related by, 
  0i E HZH  uε  (2.1) 
where Z  is the electromagnetic wave angular frequency. The presence of a dyadic tensor 
affects the orthogonal transverse electric (TE) and transverse magnetic (TM) 
electromagnetic waves differently. In the standard Cartesian coordinates, TE contains 
component set ( , , )y x zE H H , and TM has ( , , )x z yE E H . 
 The dielectric function can be spectrally dependent, meaning it varies with the 
wavelength ( O ) or angular frequency. For example, the radiative reflectance of aluminum 
shifts from near-zero to near-unity around 100 nmO   [3,110]. In this particular 
example, the shift is due to the sudden increase in the dielectric function’s imaginary 
term. This imaginary term, or loss, accounts for the conductivity of bound electrons or 
lattice vibrations in dielectrics and free electrons in metals. The spectral dielectric 
function is given by, 
  ( ) ( ) ( )iH O H O H Oc cc   (2.2) 
where the single prime (  c ) and double prime (  cc ) correspond to the real and imaginary 
parts, respectively. In conductive metals and metamaterials, H c  can be negative as will be 
elaborated in further sections. 
 The dielectric function is related to the complex refractive index, given by, 
   2n iH N   (2.3) 
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where n  is the refractive index and N  is the extinction coefficient. These terms are called 
the optical constants, which is somewhat a misnomer, since they are also wavelength or 
frequency dependent. Furthermore, the function pairs (real and imaginary parts) of both 
the dielectric function and the optical constants are dependent functions of each other. 
This obeys the principle of causality, which states that effect cannot precede the cause 
[3]. The analytic functions that impose restrictions of the frequency-dependent function 
pairs, called the Kramers-Kronig relations, are given by [3,111], 
  2 2 2 20
2 ( ) ( )( ) 1 d d
Z
Z
Z H Z Z H ZH Z Z Z
S Z Z Z Z


fª ºc cc c c cc c
c c c« »  
c c« » ¬ ¼
³ ³  (2.4a) 
  2 2 2 20
2 ( ) ( )( ) 1n d d
Z
Z
Z N Z Z N ZZ Z Z
S Z Z Z Z


fª ºc c c c
c c« »  
c c« » ¬ ¼
³ ³  (2.4b) 
where Zc  is the dummy integrating variable over frequency. The equations presented 
above are simplified from Cauchy’s residue theorem for complex integration. The 
aforementioned definitions and functions are applied to graphite in the following 
subsection. 
  
2.1.1 Dielectric Function of Graphite 
 Highly ordered pyrolytic graphite, or just graphite for short, is a semimetal and is 
characterized by its layered structure containing sheets of single atom-thick carbon. The 
in-plane carbon atoms each having three carbon atom neighbors are held together by 
strong covalent bonds. The result is an sp2 orbital structure that dangles a single electron 
orbital (S  orbital) perpendicular to the in-plane carbon atoms [112]. This gives weak out-
of-plane (z-axis) electrical conductivity and strong in-plane (x-y plane) conductivity. 
Thus, graphite is an optically anisotropic medium, where the optical axis ( ĉ ) is parallel to 
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the z-axis. The dielectric permittivity is characterized by a diagonal tensor, in which the 
in-plane terms xxH  and yyH  are equal. The in-plane dielectric function is denoted by HA  
(perpendicular to optical axis), and the out-of-plane by H  (parallel to optical axis). 
Electromagnetic waves with in-plane electric field components are called ordinary, and 
with electric fields interacting along the z-axis are called extraordinary. Figure 2.1 plots 
the anisotropic optical constants in the (a) ordinary and (b) extraordinary polarizations. 
 
Figure 2.1 Optical constants ( n  and N ) of graphite: (a) Electric field perpendicular to the 
optical axis (ordinary), and (b) electric field parallel to the optical axis (extraordinary). 
 
 The trends in Fig. 2.1 are explained in the following: The far-infrared absorption 
for ordinary waves is due to the interband transition and free electrons described by the 
Drude model for metals [112,113]. At the interband transition, an electron is excited from 
the valence band to the conduction band by absorbing a photon of energy greater than the 
bandgap energy. In contrast, free electron absorption or an intraband process is governed 
by oscillations and damping of electrons perturbed by low-energy photons [3]. The 
interband absorption in graphite can be attributed to the interlayer interactions that result 
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in a bandgap energy of about 0.01 to 0.02 eV (centered around 93 mP ) at the H point of 
the hexagonal Brillouin zone [112,114]. For extraordinary waves, only weak free-
electron absorption exists, which explains the gradual upward slope at wavelengths 
longer than 20 mP  [3,115]. The narrow and sharp peaks are due to lattice vibrations in 
the mid-infrared for both ordinary and extraordinary waves [116]. The constant 2n |  
and the small extinction coefficients suggest graphite behaves as an absorbing dielectric 
in the near-infrared wavelength region. 
 Spectroscopic measurements of graphite were challenging, especially for surfaces 
that were cut perpendicular to the in-plane carbon sheets [117]. The Kramers-Kronig 
relations have commonly been used to obtain the dielectric function if the reflectance is 
obtained in a large spectrum and reasonably extrapolated to zero and infinite frequencies, 
as demonstrated in Eq. (2.4). However, the lack of broadband spectroscopic instruments 
at the time meant limited tabulated optical constants [113,117,118]. In 1984, Draine and 
Lee of Princeton University performed a comprehensive analysis of the previous 
compositions to provide broadband spectra from the UV to far-infrared [119]. The far-
infrared optical constants up to 1240 mP  were fitted to Drude model parameters [113]. 
The lattice vibrations at around 6.3 mP  for ordinary waves and 11.5 mP  for 
extraordinary waves were matched with Lorentz model parameters [116]. The dielectric 
functions excluding the contributions from Lorentz oscillations and Drude absorption 
were extracted from Draine and Lee using data grabbing software (PlotDigitizer). The 
Lorentz and Drude models were superimposed after extraction. Figure A.1 in Appendix 
A verifies that the Kramers-Kronig relations are roughly satisfied after extracting the 
dielectric function within the frequency range that was made available. 
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2.1.2 Dielectric Function of Graphene 
 The unit that forms graphite, graphene, has similar optical properties. However, 
because graphene is a 2D material, determination of its dielectric function cannot be done 
in traditional ways. Graphene modeled in this dissertation is assumed to be isolated in 
single-layer form and free of defects [120,121]. Graphene does not bond or electrically 
interact with substrates [122]. To model the sheet conductivity (V ) of graphene in the 
infrared, both intraband and interband contributions need to be considered. The sheet 
conductivity is a function of the electromagnetic wave frequency, chemical potential or 
Fermi level (P ), relaxation time (W ), and temperature (T ). In the frequency range 
corresponding to mid-infrared wavelength, the dominant contribution from the intraband 
conductivity is given by, 
  
2
Intra 2( , , ) 2 ln 2cosh 2B B





 « »¨ ¸ © ¹¬ ¼
 (2.5) 
which behaves similar to the Drude model for free electrons [63,64]. In the limit whereby
Bk TP !! , the latter term  B B2 ln 2cosh 2k T k TPª º¬ ¼  can be approximated as P . The 
DC relaxation time due to carrier-impurity scattering typically ranges from 1310  s to 
1210  s, and increases with higher chemical potential [64,123-126]. For Eq. (2.5) to be 
valid, the scattering rate ( 1W  ) must be smaller than Z  [63,127]. This criterion is 
satisfied since the majority of thermal radiation near room temperature falls in the mid-
infrared region. 
 The interband conductivity for direct bandgap transitions of electrons at non-zero 






4 ( ) ( / 2)
( , , )
4 2 ( ) 4
q G GT G i d
K




ª º§ · « »¨ ¸
© ¹ « »¬ ¼
³  (2.6) 
where B B B( ) sinh( / ) / [cosh( / ) cosh( / )]G k T k T k TK K K P   is the difference function 
from the Fermi-Dirac distribution [63,127]. Numerically, the integrating variable K  is 
taken from 0 to 10P , which provides a sufficient upper bound at near room 
temperatures. Toward high frequencies, the interband conductivity approaches the 
universal 2D conductivity for undoped graphene, such that 20 ( ) / 4qV V Z{ of   
[61,62]. The total sheet conductivity of graphene is the sum of both intraband and 
interband contributions, given by Intra InterV V V  . Figure B.1 in Appendix B 
demonstrates similarities of graphene conductivity extracted from Ref. [61] with that 
obtained from Eqs. (5) and (6). The latter portrays the conductivity having distinct 
intraband- and interband-dominant frequency regimes under ideal conditions. 
 Graphene can be expressed with a dielectric function with a finite medium 
thickness, and is expressed as, 
  g h
g 0
( , , )
( , , )





where the thickness of graphene obtained from the interlayer distance resolved from 
graphite is g 0.335 nm'   [67,128,129]. The dielectric function of the adjacent host 
medium is hH . The expression in Eq. (2.7) only applies to the dielectric function of 
graphene in-plane, and the out-of-plane dielectric function is identical to the host’s. The 
magnitude of conduction perpendicular to the hexagonal axis (out-of-plane) is many 
times smaller and therefore negligible [130]. Results shown in the following chapters 
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verify that graphene can be treated as either a conductive sheet or anisotropic medium, 
with very little difference. 
 
  2.2 Hyperbolic Metamaterials 
 Carbon nanotubes are elementally similar to graphite, but certainly have different 
geometries. CNTs are typically formed by thermal catalytic decomposition of 
hydrocarbons at metal (i.e., iron) catalyst particle sites during a plasma-enhanced 
chemical vapor deposition process [131-133]. Multi-walled CNTs are characterized to 
have graphitic layers forming in parallel to the growth direction [96]. In other words, one 
can visualize them as many graphene sheets rolled together into tubes and positioned on a 
flat horizontal substrate at one end of the tube. A bandgap or pseudogap similar to that of 
graphite was observed for CNTs in the far-infrared, which have been attributed to the 
curvature and intertube interactions [46,134,135]. The optical properties of VACNT 
arrays can be modeled using the dielectric functions of graphite. 
 
2.2.1 Effective Medium Theory 
 Figure 2.2 shows a representative array of VACNT on a substrate. The defining 
dimensions of the VACNT array are the diameter ( CNT' ) and unit cell width (a ), as 
highlighted in the inset of Fig. 2.2(a). The VACNT medium or film of thickness ( d ) is 
naturally an inhomogeneous medium since it is composed of periodic CNTs and voids 
(either air or vacuum). Effective medium theory (EMT) homogenizes the medium, 
provided that the wavelength of the incidence electromagnetic radiation is much longer 
than the unit cell width. Based on 10 to 30 nm diameter multi-walled CNT filaments 
[50,136], and 50 to 150 nm wide unit cells, wavelengths from the near-infrared 
17 
 
 1 mO P!  can be studied. VACNT arrays can be treated as a uniaxial medium whose 
optical axis is parallel to the tube or along the z-axis. Based on the Maxwell-Garnett 
theory, the effective dielectric functions for perfectly aligned VACNT can be expressed 
in terms of the filling ratio ( f ) and the dielectric function of graphite. The ordinary and 
extraordinary dielectric functions are respectively given by [50,91], 
  || ||CNT,O
|| ||
(1 ) / (1 )












  CNT,E (1 )f fH HA    (2.8b) 
The filling ratio defined in terms of the VACNT array dimensions is 2 2CNT / (4 )f aS ' . 
Note that the ordinary component can only be physically represented along the x or y 
coordinates, and no component in between. 
 The CNT in the subscripts from Eq. (2.8) only represents the dielectric function of 
perfectly aligned VACNT arrays, as shown in Fig 2.2(b). Considering defects from 
sample fabrication such as random and local tilting and fiber entanglements, the dielectric 
functions are modified with a weighting constant [ , called the alignment factor. The 
alignment factor for perfectly aligned VACNT arrays is 1.0[  . The misalignment is 
quantified with 1[  , as shown in Fig. 2.2(c). For typical CVD-grown VACNT films, [  
ranges from 0.950 to 0.995, which are obtained from fitting measured reflectance spectra 
and scanning electron microscope surveys of CNT filaments [50,137]. It should be noted 
that the component weighted model is only applied for slight misalignment, when [  is 




  O CNT,O CNT,E(1 )H [H [ H    (2.9a) 
  E CNT,E CNT,O(1 )H [H [ H    (2.9b) 
The EMT-based expression for the dielectric function of VACNT is therefore dependent 
on both the filling ratio and alignment factor. 
 
Figure 2.2  (a) Illustration of VACNT film of thickness d grown on a substrate (i.e., 
silicon). The inset shows a unit cell of width a containing a multi-walled CNT of 
diameter CNT'  in a periodic array. (b) Perfectly aligned CNTs with an alignment factor 
of [  = 1.0. (c) Locally imperfectly aligned CNTs where 1[  . Typical VACNT coatings 
produced from experiment range from 0.95[   to 0.99[  . 
 
 Other EMT formulations can also apply to similar vertical tube arrays, such as 
nanowires made of silicon or silver [80,138]. One of the earliest EMT formulations was 
on periodically structured stratified media [139]. This uniaxial crystal, often called 
multilayers, is often used for antireflection and selective radiation applications. Figure 2.3 
19 
 
illustrates the multilayers containing alternating dielectric (d) and metal (m) media. The 
period /  is the sum of one of dielectric and metal layers’ thicknesses. The incidence 
angle from vacuum is denoted as iT . The zeroth-order expressions of the dielectric 
function is applicable if O !! / , and are given by, 












where the filling ratio in this particular geometry is m d m/ ( )f d d d  . The ordinary 
and extraordinary dielectric functions in both the constituent dielectric and metal layers 
are preserved in the anisotropic dielectric function of the multilayers. In Chapter 5, the 
size of successive periods are changed (i.e., 1 2 3/  /  /  ) while preserving the filling 
ratio. In this case, it is unknown how EMT accounts for / . 
   
Figure 2.3  Illustration of a periodic metal-dielectric multilayer thin film with associated 




2.2.2 Dispersion Relations 
 Since graphite is nonmagnetic, and is optically anisotropic, the carbon-based 
nanomaterials are mostly of single-negative electric permittivity hyperbolic. Graphite is 
hyperbolic in two regions: At wavelengths above 90 mP  ( 132.1 10  rad/sZ  u ), the real 
part of HA  is negative due to the intraband absorption of electrons. Another region exists 
between 10 mP  ( 141.8 10  rad/su ) and 63 mP  ( 133.0 10  rad/su ), in which the region 
between 63 mP  and 90 mP  is due to the interband transition. This attests to the high 
attenuation of thermal radiation in graphite in the far-infrared.  
 While graphite has negative permittivity in the ordinary wave direction, VACNT 
may have negative permittivity in the extraordinary wave direction. The two hyperbolic 
types are categorized as followed: Type I hyperbolic dispersion is defined by O 0H c !  and 
E 0H c   [89,140,141]. Type II hyperbolic dispersion is defined by E 0H c !  and O 0H c  . In 
any case, if 0Hc  , it is called an epsilon-near-zero (ENZ) material. The contrasting 
effects of the two hyperbolic dispersion is explained using the dispersion relation of an 






x zk k k
H H
   (2.11) 
where the xk  and zk  are the wavevectors in the resultant homogeneous medium, and 0k  
is the wavevector in free space (vacuum) [142]. The wavevectors in hyperbolic media 
also depends on the polarization of the incidence electromagnetic waves. For TE waves 
(s-polarization from the German word senkrecht), s 2 20 Oz xk k kH  , and for TM waves 
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(p-polarization from the German and English word parallel), p 2 20 O O Ez xk k kH H H  . 
The xk  wavevector is preserved throughout ( 0 isinxk k T  for propagating waves). 
 To help illustrate the wave propagation into the resulting medium, or the lack 
thereof, Figure 2.4 draws two isofrequency contour plots of hyperbolic media. Fig. 2.4(a) 
is Type I HMM defined by O 2H   and E 2H   . The hyperbolic shape is evident in the 
upward and downward facing curves shown in the normalized wavevector space. In 
vacuum, the wavevector ( ik ) and Poynting vector ( iS ), which points to the direction of 
energy flow, are co-linear. In the resulting hyperbolic medium, the wavevector ( 2k ) is 
refracted and remains in phase of the incidence wavevector. The resultant Poynting 
vector ( 2S ), on the other hand, is distended leftward, which signifies negative refraction 
of energy fronts. Theoretical prediction of sideways-turned graphite demonstrates this 
negative angle of refraction [95]. 
 On the other hand, for Type II hyperbolic dispersion shown in Fig. 2.4(b), the 
orthogonal permittivities have switched ( O 2H    and E 2H  ). While the incidence 
vectors remain largely the same, in order to obtain a Poynting vector in the Type II 
hyperbolic medium, the resultant wavevector must be evanescent ( 0xk k! ). Unless the 
incidence wave is evanescent and greater than the critical wavevector  cr 0 Ek k H , 
Type II HMMs are highly reflecting and do not demonstrate negative refraction of 
Poynting vectors [141,142]. For uniaxial metamaterials, no negative refraction can occur 
for TE waves since the electric field is perpendicular to the plane of incidence. The 
isofrequency contour is circular in the wavevector space, and follows the dispersion 
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relation of 2 2 2O 0x zk k kH  . This primer for the characteristics of two HMM types will be 
applied and reanalyzed for VACNT, tilted CNT arrays, and multilayers in the remaining 
Chapters. 
 
Figure 2.4  Diagrams of hyperbolic dispersion for: (a) Type I defined by O 0H !  and 
E 0H  , and (b) Type II by O 0H   and E 0H ! . The black circle represents the dispersion 
of incidence light with wavevector ik  and Poynting vector iS . The resultant wavevector 
and Poynting vector in the hyperbolic medium are represented by 2k  and 2S , 
respectively. 
 
  2.3 Thin-Film Optics and Energy Streamlines 
  The radiative properties of semi-infinite media can be formulated using the 
Fresnel coefficients expressed in terms of the surface admittance (TE waves) or 
impedance (TM waves) [3,93]. The Fresnel coefficients are derived from the ratio of 
reflected or transmitted electric (TE wave) and magnetic (TM wave) fields to the 
incidence fields. In wavevector notation, the TE wave Fresnel reflection and transmission 
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which assumes that the media are nonmagnetic. Even for uniaxial and anisotropic 
permittivity materials, the TE wave radiative properties are isotropic. For TM waves, the 
reflection coefficient is derived from the differences in the impedances of the neighboring 
media, and is given by, 
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The Fresnel transmission coefficient is more complex due to possible phase reversal of 
magnetic fields as waves travel from optically dense to optically thin media. This is 
especially true for HMMs where refracted waves become inhomogeneous and the TE and 
TM wave Poynting vectors split into different directions [3,143]. The transmission 
coefficient for TM waves is expressed as,  
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 The radiative properties defined by the reflectance and transmittance are the ratios 
of power flow or energy flux in the direction normal to the interface. For both TE and 
TM waves, the reflectance is the square of the magnitudes of the electric and magnetic 




  2, 1R j jr   (2.15) 
assuming that the resultant medium is semi-infinite. The reflectance defined here is 
directionally specular (denoted by a prime or implied), meaning that the reflected angle is 
identical to the incidence angle. This holds that the surface is perceived as smooth, in 
which for most cases is true for incidence infrared wavelength radiation [3,51]. The TM 

















7   (2.16) 
where    , , , , 0 ,O ,Ej x j j xz j z j zz j jZ k kH H ZH H Hr r   is the surface impedance, needed in 
the formula to account for dissipation and wave inhomogeneity in the resultant medium. 
In semi-infinite media, the reflectance and transmittance are related by R+T 1 .  
 For thin films or stratified media, the radiative absorptance or fraction of energy 
dissipated in a homogeneous medium is defined by A 1 R T   . To model the multiple 
internal reflections, ray tracing method can be used [3,92,93]. However, this method is 
only suitable for incoherent waves where the interference from internally reflected waves 
can be neglected. The incoherent limit is settled when the wavelength is smaller than the 
thickness of the layers. In the case of micron-scale coatings and nanometers-thick 
deposited layers, the phase change or wave coherence must be accounted for. The 
following subsection introduces a method that includes the effects of wave interference 





2.3.1 Transfer Matrix Method and Poynting Vector 
 The transfer matrix method (TMM) has been used for calculation of radiation 
properties of thin-film multilayers and left-handed photonic crystals [86,92,144,145]. The 
TMM solves for the electric or magnetic field amplitudes in the wave equation. The 
equation for a TE-polarized monochromatic plane wave in medium j is given by, 
  , , ( ), ( , )
z j z j xik z ik z i k x ty j j jE x z A e B e e
Z ª º « »
¬ ¼
 (2.17) 
where jA  and jB  are the forward- and backward-propagating electric field amplitudes, 
respectively. For TM waves, which is of main interest, the magnetic field perpendicular 
to the plane of incidence (x-z plane) is given by, 
  , , ( ), ( , )
z j z j xik z ik z i k x ty j j jH x z A e B e e
Z  ª º « »
¬ ¼
 (2.18) 
where the forward (+) and backward (-) TM-polarized wavevectors are defined by the 
dielectric tensor components, 
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In order to solve for the electric and magnetic field vectors, Eq. (2.1) is implemented 
along with the field amplitudes determined by the TMM. The TMM assigns a pair of 
2 2u  transmission matrices and a diagonal propagation matrix for every layer. The 
transmission matrices are defined in terms of the Fresnel reflection and transmission 
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The propagation matrix is given by an exponential decay term dependent upon the 
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The field amplitudes in any layer can be solved by the consecutive products of the PDD 
matrix set from the semi-infinite incidence layer (medium 1) to the semi-infinite outgoing 
layer (medium N+1) corresponding to Fig. 2.3. The boundary condition of radiation 
incidence from medium 1 is 1 1A  , and the lack of backward reflection in the outgoing 
medium is described by 1 0NB   . The exact solutions or Airy’s formulae for field 
amplitudes in 3 layers, the center containing a thin film, can be found in Refs. [92] and 
[146].  
 The known electric fields and magnetic fields in every layer of stratified media 
can be used to solve for the Poynting vector. The time-averaged Poynting vector 
components are determined by, 
   *0.5Rex z yS E H u  (2.23a) 
   *0.5Rez x yS E H u  (2.23b) 
where the * signifies the Hermitian complex transform of the function. The Poynting 
vector is only a function of z, since the x and temporal term are cancelled. A simple 
spatial extrapolation method of the Poynting vector maps the energy streamlines. 
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2.3.1 Tilted Uniaxial Medium Transform 
 The traditional uniaxial medium is characterized by a diagonal permittivity tensor. 
This medium can be tilted within the plane of incidence without causing TE and TM 
wave coupling in the Fresnel reflection and transmission coefficients [3,94]. The tilting 
angle is characterized by E  in Figure 2.5. In this thin film of thickness 2d , the optical 
axis is no longer aligned with the fixed z-axis. Here, the permittivity tensor contains off-
diagonal components, as evidenced by xzH  and zxH  in, 
2 2
O E E O
O
2 2
E O O E
0 cos sin 0 ( )sin cos
0 0 0 0
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ε  (2.24) 
The effect of tilting is evident in the wavevector defined in Eq. (2.19). The wavevector in 
the forward direction is distinct from the wavevector in the backward direction.  
  
Figure 2.5  Illustration of a uniaxial slab of thickness 2d  made of TACNT array having a 
tilting angle E , for a plane wave incidence from the top vacuum medium. The uniaxial 





 Furthermore, the hyperbolic dispersion relation from Eq. (2.11) is altered. Here, 
the wavevector components are crossed with trigonometric components of the tilting 
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The consequences of in-plane tilting on VACNT arrays are explored in the next Chapter. 
 
  2.4 Near-Field Thermal Radiation 
 According to Snell’s law, light from an optically dense medium to an optically 
thin medium cannot be transmitted past a certain incidence angle. Past this incidence 
angle, called the critical angle, total internal reflection occurs. However, not precisely 
everything is obstructed. No energy or propagating waves pass through, but 
electromagnetic fields exist near the surface of the optically thin medium. These surface 
waves can exchange energy with optically dense media at any instant in time. When 
another optically dense medium sandwiches the optically thin medium into a very thin 
(nanometers) layer, photon tunneling can occur even at incidence angles greater than the 
critical angle. Figure 2.6 illustrates two optically dense semi-infinite substrates 
surrounding a vacuum gap that is comparable or smaller than the wavelength of incidence 
radiation. The two interfaces are infinite in the radial (x) direction. For a TPV-like 
application, the emitter temperature is 1T  and receiver temperature is 2T .  
 
2.4.1 Fluctuational Electrodynamics 
 In the far field, the net radiative heat flux between two semi-infinite and opaque 
flat surfaces is governed by the Stefan-Boltzmann law. More precisely, the heat flux is 
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obtained from the integration of near-infinite wavelengths and hemispherical emissivity 
in both polarizations. Called the heat flux between blackbodies, this does not include the 
effects of wave interference and photon tunneling. 
    
Figure 2.6  Representation of a near-field device composed of a semi-infinite emitter 
medium at temperature 1T , a vacuum gap size of H, and a semi-infinite receiver medium 
at temperature 2T . The wavevector components are outlined. 
  
 In the near field, obtaining the heat flux is complicated by the random thermal 
fluctuations in a body. Assuming a nonmagnetic body, there exist fluctuating electric 
currents that cause distributions of electromagnetic fields in space and time [147]. In any 
point in space shown in Fig. 2.6, its electromagnetic fields are a superposition of 
contributions from point sources in the emitting body (medium 1). The point sources are 
represented by a Fourier transformed electric current density ( , )Zj r , where r  is the 
cylindrical unit spatial vector [148]. The electric and magnetic fields in the frequency 
domain can be expressed as a volume integration of j  dot-product with the dyadic 
Green’s function ( , , )ZcG r r , 
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V
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V
dZ Z Zc c c u ³H r G r r j r r  (2.26b) 
where the primed spatial vector is located at the current source. In the geometry faced in 
Fig. 2.6, the Green’s function is defined as, 
       ,2 ,1ps12 2 1120 ,1 ˆ ˆ ˆ ˆ( , , ) 4
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where unit vectors ˆ ˆ ˆ us r z , and  ,ˆ ˆ ˆj x z j jk k k p z x  [3]. By projecting the time-
averaged Poynting vector in the z-direction, evaluated using Eq. (2.26), the spectral 
energy flux in the direction from the emitter to the receiver is, 
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and the near-field transmission coefficient (exchange function) of polarization type j 
(either sj   or pj  ) is given by [3,149], 
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31 
 
Here, the z-direction wavevector in the vacuum gap is 2 20 xk kJ   . The net heat flux is 
taken from the integration over zero to infinite frequencies of 12Qc  minus 21Qc  
(exchanging 1 with 2 in subscripts), which gives, 
 > @1 2 1 22 0 0
s, p
1( , , , ) ( , ) ( , ) ( , )
4
x j x x x
j




 4 4 ¦³ ³ T  (2.31) 
This expression is applicable to both near- and far-field situations. The second term in 
Eq. (2.30) is expected to diminish with increasing H comparable to the order of the 
infrared wavelength. 
 
2.4.2 Near-Field Poynting Vector 
 The exact expression of the Poynting vector can be obtained by evaluating the 
Green’s function integrations in the electric and magnetic field equations, i.e. Eq. (2.27) 
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The Weyl representation of the electric ( g ) and magnetic (h ) dyadic Green’s function 
components are listed below:  
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where m and n are the indices for a source medium and non-emitting medium, 
respectively [150-152]. The coordinate system, illustrated in Figure 2.7, is defined such 
that 0z z  is located at the interface closest to 0z   of a non-emitting medium. 0z   is 
fixed at the interface between the first and second media, regardless of the source 
location. The source point dummy spatial variable ( zc ) is integrated for each source layer 
individually. In this respect, the Poynting vector with multiple sources (i.e., 1,2,3...m  ) 
requires the summation of Eq. (2.32) for the number of sources. 
 
  
Figure 2.7  Drawing of associated nomenclature used in determining the near-field heat 




The amplitudes of the forward and backward traveling waves in a non-emitting medium, 
from a source medium emitting in the positive z direction, are denoted by nA  and nB , 
respectively. These coefficients can be solved similarly to the TMM described in Eq. 
(2.22). A more tedious alternative to this method called the scattering matrix method can 
be used to avoid singularities in the propagation matrix due to very large complex 
wavevectors [153,154]. nC  and nD  are the forward and backward amplitudes from a 
source medium that is emitting in the negative z direction, respectively. The TMM 
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The Poynting vector in the z-direction can be used to determine the depth of energy flux 
within both emitter and receiver, as revisited in Chapter 5.  
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  CHAPTER 3 
  RADIATIVE PROPERTIES OF CARBON NANOTUBES 
  
 In this Chapter, the far-field radiative properties of CNT arrays are modeled and 
the salient features are discussed. Section 3.1 shows the spectral optical properties or 
dielectric function of VACNT arrays in the infrared wavelength region. The optical 
properties are perturbed by filling ratio and alignment factor changes to predict the 
outcomes of surface reflection. The next section displays the radiative properties of 
VACNT arrays. Both the angular and incidence angle-dependencies are illustrated. Some 
special angles such as Brewster angle and principal angle are explained and determined. 
Penetration depth is defined, and the refraction angles in VACNT are demonstrated 
within both non-hyperbolic and hyperbolic regions. Section 3.3 introduces tilting to CNT 
arrays, and primarily addresses the collimation by showing the energy streamlines 
through the TACNT thin film. In this context, the transmission profiles are studied 
instead of the absorptance within the coating. The outcomes are summarized in the last 
section of this Chapter. 
 
  3.1 Optical Properties of Carbon Nanotubes 
 The dielectric functions of a VACNT medium is plotted in Figure 3.1. The filling 
ratio and alignment factor are 0.05f   and 0.98[  , respectively. These values are used 
as the default case for the remaining dissertation regarding CNT arrays. In Fig. 3.1(a), the 
real part of the dielectric function in the ordinary direction ( OH c ) is close to unity. This 
suggests impedance matching between VACNT medium and vacuum, resulting in low 
reflectance and high broadband absorption [31,33,155,156]. Note that the dielectric 
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function in the extraordinary direction ( EH c ) becomes negative at certain wavelengths due 
to the high conductivity along the CNT axis. The shaded regions indicate the wavelength 
ranges where the hyperbolic dispersion exists, in this case of Type I since both are 
defined by O 0H c !  and E 0H c  . The wavelength region bounds are: 14.4 Pm < O < 63.4 
Pm (Region 1), and 90.1 Pm < O < 133 Pm (Region 2). Fig. 3.1(b) shows the imaginary 
parts of the dielectric function in both ordinary and extraordinary directions. The 
magnitude of the ordinary component is almost two orders magnitude smaller than its 
extraordinary counterpart. 
 
Figure 3.1  Ordinary and extraordinary relative permittivities of VACNT with fixed 
filling ratio ( 0.05f  ) and alignment factor ( 0.98[  ). These values are used as default 
in the calculations unless otherwise specified. (a) Real parts with hyperbolic regions 
identified as Region 1 and Region 2, and (b) the imaginary parts. 
 
Figure 3.2 shows the optical constants of VANCT films for wavelength from 1 
μm to 1000 μm. The upper wavelength bound is close to the minimum frequency 
( 0.001eV)Z   obtained from Ref. [119]. Here, both filling ratio and alignment factor 
are slightly varied individually to illustrate the effect of these deviations on the optical 
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constants. The range of filling ratio in fabricated VACNT films is typically between 0.01 
and 0.15 [50]. At wavelengths from 1 Pm to about 30 Pm, On  is close to 1 and ON  is 
relatively small. This results in an impedance matching and high absorptance for 
incidence from air at least for normal incidence. In this region, On  is insensitive to both f 
and [ , ON  depends on both because decreasing the packing density or alignment factor 
can result in less loss (or a reduction of ON ). Beyond 30 Pm, the effect of interband 
transition results in a resonance feature that appears in the optical constants of VACNT. 
Furthermore, free electron absorption becomes important beyond 100 Pm, resulting in an 
increase in the predicted optical constants of CNTs toward longer wavelength. While the 
trends of extraordinary optical constants are similar, the values are much higher than the 
corresponding ordinary optical constants, especially EN , which is about an order of 
magnitude higher than ON . However, at oblique incidence, high values of EH cc  relative to 
OH cc  do not necessarily mean poor absorption as described by Feng [82,157]. 
At longer wavelengths, the filling ratio affects the optical constants significantly. 
On the other hand, only the ordinary components appear to be dependent on the 
alignment factor. This is because the extraordinary optical constants are much greater 
than the ordinary counterparts. A small change in alignment factor has a bigger impact on 
the weighted average according to Eq. (2.9). The dielectric function model presented in 
Eq. (2.8) is in good agreement with the mid-infrared transmittance measurements at 
normal incidence [137]. The optical constants obtained in the far-infrared, especially for 
the extraordinary components, are much higher than those reported in Ref. [49], by 
transmission ellipsometry in the wavelength between 190 μm and 750 μm. The 
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disagreement could be due to the CNT density or filament structure of the fabricated 
VACNT samples. It should also be mentioned that while interband transitions were also 
observed for single-walled CNT arrays, the strength is often much weaker than that in 
graphite [46]. Because of the limited data on the far-infrared optical properties of CNTs, 
the optical constants of graphite are adopted in the present work. 
 
Figure 3.2  Optical constants of VACNT with varying filling ratios and alignment factors 
up to wavelength 1000 mO P . (a) and (b) Refractive indices for ordinary and 
extraordinary waves, respectively. (c) and (d) Extinction coefficient for ordinary and 





  3.2 Vertically Aligned Carbon Nanotube Arrays 
 The radiative properties of semi-infinite uniaxial medium can be formulated using 
the surface admittance or impedance coefficients [93,155]. Detailed formulation and 
simplified expressions of the radiative properties are discussed in Section 2.3. Since the 
VACNT coating is generally thicker than the characteristic wavelength, Airy’s formulae 
can be applied to obtain the reflectance and transmittance for a CNT film on a substrate. 
 
3.2.1 Reflectance of Semi-Infinite Arrays 
 The normal reflectance of a VACNT medium is shown in Figure 3.3 for varying 
filling ratios and alignment factors. For λ < 20 μm, the reflectance 0.01ROc   for all cases, 
and 0.0015ROc   for the default filling ratio and alignment factor values. Reducing the 
filling ratio can further reduce the reflectance. In the interband transition region (30 μm < 
λ < 100 μm), the reflectance increases to 0.03-0.04 in the default case and differs greatly 
with the changes in either f or [ . VACNT becomes highly reflecting at far-infrared 
( 0.5)ROc !  when the wavelength exceeds 200 μm for the default case and the reflectance 
is smaller with reduced filling ratio or increased alignment factor. It appears that the 
filling ratio affects more in the near- to mid-infrared region, while the alignment factor 
has a stronger effect in the far-infrared. The absorptance, 1A RO Oc c  , is very close to 
unity in the near- and mid-infrared region. In the far-infrared, the absorptance decreases. 
However, reducing the filling ratio and improving alignment can increase the 
absorptance. It should be noted that high absorptance was reported for single-walled 




    
Figure 3.3  Normal incidence reflectance spectra of a semi-infinite VACNT array with 
varying filling ratios and alignment factors. The inset illustrates the incidence angle upon 
the VACNT array. 
 
absorptance may be due to the reduction of the interband and free-electron absorption, 
along with surface roughness effects that could enhance radiation absorption. 
 To study the angular and polarization dependence, the contour plots of reflectance 
for s- and p-polarization are shown in Figure 3.4. The contour traces identify the iso-
reflectance lines. For s-polarization, the reflectance increases with the angle of incidence 
for all wavelengths, as shown in Fig. 3.4(a). Furthermore, the reflectance increases with 
wavelength similar to the case for normal incidence. At the grazing angle, iT  = 90
o, the 
reflectance for both polarizations approaches unity as expected. However, for p-
polarizations, the reflectance may reach a minimum at an oblique angle. As shown in Fig. 
3.4(b), there is a global minimum at λ = 4.6 Pm and θi = 20.2°, where reflectance sharply 
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drops by several orders of magnitude. This phenomenon is further explored in the 
following section.  
 
3.2.2 Special Angular Properties 
 The incidence angle at which the reflectance becomes zero for p-polarization is 
defined as the Brewster angle BT , at which all the incident energy is transmitted into the 
   
Figure 3.4  Color contours of the specular reflectance versus wavelength and incidence 




medium [3]. Perfect transmission holds for a lossless dielectric medium only. For real 
materials, the angle at which pRc  is minimized is called the Brewster angle, which may 
not exist for a high loss medium. Materials with well-defined Brewster angles are 
frequently used as angular polarizers. The wavelength-dependent Brewster angles of 
VACNT coatings are shown in Figure 3.5(a). The abscissa and ordinate are interchanged 
so that one can refer the location of the Brewster angle with the minimum of pRc  in Fig. 
3.5(b). Note the Brewster angle is not defined for 28 m 39 mP O P   and for 
110 m 142 mP O P  . These wavelength bounds correspond almost exactly to the 
hyperbolic wavelength regions illustrated in Fig. 3.1(a).  
 
Figure 3.5  (a) Correlation of the Brewster angle BT  and the principal angle PT  with the 
wavelength. The abscissa and ordinate are interchanged in order to compare the traces 
with Figure 3.4(b). (b) The reflectance as a function of the incidence angle for both 
polarizations at four distinct wavelengths. 
 
 The principal angle PT  is defined as the minimum of the ratio of the p-polarized 
to the s-polarized reflectance [158]. The principal angle is also shown in Fig. 3.5(a) and 
can be defined for all wavelengths. At wavelengths O < 10 Pm where loss is small, the 
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Brewster angle and principal angle are close to each other. For an isotropic dielectric 
medium with n > 1, the Brewster angle is always greater than 45°. This does not hold in 
general for an anisotropic medium [51]. The angular behavior is further explored by 
calculating the angular-dependent reflectance for each polarization at different 
wavelengths, as shown in Fig. 3.5(b). At O = 4.6 Pm, the p-polarization reflectance drops 
sharply at the Brewster angle (TB = 20.2°), by several orders magnitude. At this 
wavelength, the Brewster angle and principal angle are coincident. In the case of O = 32 
Pm, the Brewster angle is undefined and pRc  increases monotonically with iT . For O = 64 
Pm, pRc  exhibits a shallow dip around 34°, and there is a large mismatch between BT  and 
PT . At O = 1000 Pm, where B PT T| , there is a distinct dip in pRc  at 81.3°. Therefore, the 
mismatch between the Brewster angle and principal angle in Fig. 3.5(a) indicates the 
wavelength region where the Brewster angle becomes poorly defined. 
 To understand why no Brewster angle exists in the hyperbolic wavelength 
regimes, the refraction angles in the VACNT medium is explored. The wavevector 
refraction angle ( ) and the Poynting vector refraction angle ( ) are defined 






















  (3.2) 
When the optical axis of the uniaxial anisotropic medium is in the z direction (i.e., 




ORe( / )z zS k H . In this case, when the magnitude of EH  is very large, the Poynting 
vector is close to normal or parallel to the CNTs. The refraction angles versus the angle 
of incidence are shown in Fig. 3.6 at three wavelengths chosen from three different 
regions. At O = 1 Pm with elliptic dispersion, both refraction angles are positive for all 
incidence angles. For O = 20 Pm in Region 1 and 100 Pm in Region 2 hyperbolic bands, 
kT  is positive, but the Poynting vector or energy refraction angle ST  becomes negative. 
No Brewster angle can occur for single-negative permittivity materials with negative 
refraction of Poynting vectors [147]. The negative refraction reflects the characteristics of 
a hyperbolic material. Furthermore, the magnitude of ST  is very small, suggesting that 
the energy refraction tends to align with the optical axis or along the carbon nanotubes.  
   
Figure 3.6  Refraction angles at the vacuum-VACNT interface for the wavevector ( kT ) 




3.2.3 Penetration Depth 
 It is important to examine the penetration depth in order to determine how thick 
the VACNT film is needed for it to be opaque so that the substrate effect is negligible. 
The radiation penetration depth is defined as where the power of the electromagnetic 
wave entering the medium will decay by e–1 ≈ 37% from the interface. The spectral 




OG   (3.3) 
where kz is the z-component wavevector for either s- or p-polarizations. The predicted 
penetration depths for s- and p-polarizations are shown in Figure 3.7(a) and Fig. 3.7(b), 
respectively. At normal incidence, the penetration depth becomes  O/ 4OG O SN  
regardless of the polarization status, where ON  is plotted in Fig. 3.2(c). In the near-
infrared, penetration depth increases up to OG  = 21 Pm around O = 15 Pm. Because of the 
interband transition, penetration depth decreases to about OG  = 10 Pm around O = 50 Pm. 
The penetration depth then increases to reach a peak at wavelength slightly longer than 
100 Pm, which is beyond the interband transition and before the Drude model takes effect 
in the far-infrared. Here, the penetration depth reaches up to OG  = 23.6 Pm. There is 
another minimum in OG  at wavelengths between 200 Pm and 300 Pm. As the wavelength 
further increases, OG  increases with the square root of wavelength, as predicted by the 
Drude free electron model [3]. 
 The angular dependence of the penetration depth is different for s- and p-
polarizations. In the near-infrared, the penetration depth decreases with increasing 
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incidence angle in a similar way for both polarizations since the ordinary and 
extraordinary dielectric functions are of the same order of magnitude close to unity. In 
the intermediate region, because the magnitude of OH  is smaller than that of EH , the 
penetration depth for p-polarization becomes independent of iT  at a relatively shorter 
wavelength of about 50 Pm. At very long wavelengths beyond 500 Pm, the dielectric 
function is magnitudes larger than xk  and therefore, the penetration depth is independent 
of the angle of incidence. Based on the penetration depth, CNTs with a thickness greater 
than 100 Pm can generally be considered opaque. 
 
Figure 3.7  Radiation penetration depths for (a) s-polarization and (b) p-polarization at 
incidence angles i 0T  q , 30q , and 60q . 
 
 The penetration depth versus incidence angle at the two wavelengths selected 
from different hyperbolic bands is shown in Figure 3.8. The penetration depth is greater 
at O = 100 Pm than at O = 20 Pm for all incidence angles. Furthermore, the penetration 
depth at O = 100 Pm depends little on the incidence angle. This is because the magnitude 
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of EH  is so large that  
1 2
E sin 1iH T
   for any . Fig. 3.8 also suggests that improving 
alignment can increase the penetration by several times. Reducing the filling ratio alone 
from f = 0.10 to 0.03 also improves penetration depth (not shown), but it is not as 
effective as changing the alignment factor from [  = 0.95 to 0.99. Although the 
penetration depth in Region 2 (O = 100 Pm) may be desired, the previous subsection 
demonstrated some setbacks at the far-infrared wavelengths, namely higher reflectance at 
the interface between air and the VACNT array. The penetration depth informs us of the 
thickness needed for reducing internal reflections in VACNT coatings. However, thinner 
film coatings are often desired to reduce material consumption and growth time. The 
effect of thickness and substrate on the absorptance of CNT films is discussed in the next 
subsection. 
   
Figure 3.8  Radiation penetration depth in VACNT with varying alignment factors for p-
polarization. The wavelengths selected ( 20 mO P  and 100 mP ) are in hyperbolic 




3.2.4 Absorptance of CNT Arrays 
 The directional-spectral emittance is integrated over the solid angle, : , is
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According to Kirchhoff’s law, the directional-spectral absorptance is equal to the 
directional-spectral emittance Oc , if the temperature of the material is uniform at least 
within several penetration depths. This states that A 1 RO O Oc c c     for a semi-infinite 
medium. If the intensity of the incident radiation is independent of the direction (diffuse 
incidence), then the hemispherical absorptance equals the hemispherical emittance: 
hem, hem,A O O  . The hemispherical absorptance spectra are shown in Figure 3.9, for both 
s- and p-polarizations, as well as their average, for the default f and [  values. In the near- 
and mid-infrared region, the hemispherically integrated absorptance is higher (exceeding 
0.98 at O < 15 Pm) for s-polarized incident waves. At wavelengths longer than 40 Pm, the 
hemispherical absorptance for p-polarization is higher than that for s-polarization. In 
general, the hemispherical absorptance is smaller than the normal absorptance due to 
angular dependence, although surface roughness can give rise to increased hemispherical 
absorptance [32].  
 The absorptance spectra of VACNT of different thickness on Si substrate are 
shown in Fig. 3.10 for both polarizations at different angles of incidence and with varying 
CNT film thickness. In the calculation, the optical constants of lightly doped Si is taken 
from Ref. [160] and extended to the far-infrared by assuming a constant refractive index 
of 3.42 and negligible loss. At normal incidence, the results for both polarizations are the 
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Figure 3.9  Hemispherical absorptance spectra for s- and p-polarization, and the average 
of the two. 
 
same. For the 10 Pm-thick VACNT thin film, as shown in Figures 3.10(a) and (b), the 
absorptance is significantly reduced. For normal incidence, the maximum absorptance is 
AOc  = 0.8 at λ = 1 μm and decreases with wavelength until λ = 20 μm. Interference effects 
can be clearly observed in the near- and mid-infrared region. Interband transition causes 
an absorptance peak at wavelengths between 50 μm and 100 μm. At λ = 100 μm, 
corresponding to the maximum penetration depth peaks, the CNT absorption is minimum 
at AOc  = 0.1. At short wavelengths, increasing the angle of incidence gives rise to a 
higher absorptance due to the decreasing penetration depth as shown in Fig. 3.7. 
However, for p-polarization, the absorptance is higher at θi = 30° than 60° due to the 
Brewster angle at which the reflection coefficient at the air-VACNT interface is 
minimized is around 20°. The outcome is complicated due to the interplay of 
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interference, internal absorption, and surface reflection. Interestingly, at longer 
wavelengths (λ > 100 μm), the absorptance improves toward oblique incidence for p-
polarization, but reduces for s-polarization. This can be explained by interface reflection 
being higher for s-polarization than that for p-polarization as illustrated in Fig. 3.4. 
Furthermore, the Brewster angle is relatively large and the reflection coefficients 
decrease with increasing θi for p-polarization. This trend is the same for all three CNT 
thicknesses because it is related to the interface effect rather than internal absorption. 
 Increasing the thickness of the VACNT film improves absorptance (especially in 
the near- and mid-infrared) and reduces interference effects. This can be seen by 
comparing the trends from figures for each polarization in Fig. 3.10 from top to bottom. 
The interference effect almost diminishes for d = 50 Pm, as shown from Figs. 3.10(e) and 
(f) and the absorptance is closer to that of semi-infinite medium except for regions with 
large penetration depths. Calculations were also made for d = 100 Pm with slight 
differences from those for d = 50 Pm, which suggest that for most wavelength regions, a 




Figure 3.10  Absorptance of VACNT film of different thicknesses at incidence angles of 
i 0T  q , 30q , and 60q : (a) s-polarization with 10 md P , and (b) p-polarization with 
10 md P . (c) s-polarization with 25 md P , and (d) p-polarization with 25 md P . 




  3.3 Tilted Carbon Nanotube Arrays 
 In the remaining Chapter, the CNT array is tilted at various tilting angles (E) and 
compared to the previously only vertically aligned case (E = 0°). The radiative properties 
are focused in the hyperbolic wavelength regimes, in order to show unconventional 
dispersion and refraction of waves. 
 
3.3.1 Reflectance and Transmittance 
 The reflectance is calculated at O = 20 Pm and 100 Pm using the Fresnel 
reflection coefficient at the interface [3,93]. The results are plotted in Figure 3.11 as 
functions of incidence angle for both polarizations. Since the CNT array is treated as a 
homogeneous medium with a smooth interface, surface scattering and volume scattering 
are not considered here. As mentioned earlier, the reflectance for TE waves is 
independent of the tilting angle. For the VACNT array, the incidence angle for minimum 
reflectance is described by the Brewster angle for TM waves which increases with the 
effective refractive index. It is interesting to note that at oblique incidence, the reflectance 
is minimized at incidence angles close to the tilting angle, especially for large E, at both 
wavelengths. In tilted CNT arrays, reflectance is higher at normal incidence for both 
wavelengths. At O = 20 Pm, the reflectance is reduced by several order magnitudes when 
the incidence angle coincides with the tilting angle ( iT E ). Due to loss, the reflectance 
at O = 100 Pm is generally higher than that at O = 20 Pm. Despite the relatively greater 
penetration depth at O = 100 Pm, as discussed in the preceding section, surface reflection 




Figure 3.11  Reflectance of VACNT and TACNT arrays with and without tilting for (a) 
20 mO P  and (b) 100 mO P . Note that for TE waves the reflectance is independent 
of the tilting angle E . 
 
 Figure 3.12 shows the transmittance (T) through a d2 = 10 Pm-thick VACNT or 
TACNT array as a function of the incidence angle. As shown in Fig. 3.12(a) for 
20 mO P! , the transmission is symmetric and reaches a peak at normal incidence for TE 
waves regardless of tilting or for TM wave when 0E  q  (VACNT). For TACNT thin 
films, the transmittance is favored when the incidence angle is around the tilting angle. 
For example, in the CNT thin film with 60E  q , the transmittance at negative incidence 
angles is nearly zero. For O = 100 Pm, the transmittance is generally higher and in 
sensitive to incidence angle for i60 60T q d d q  and 0 30Eq d d q , as shown in Fig. 
3.12(b). For VACNT, the transmittance plateaus in a broad incidence angle range 
i 60T  q . Moreover, in TACNT thin films, the transmittance remains high even with 




Figure 3.12  Transmittance through VACNT and TACNT thin films of thickness 
2 10 md P  with various tilting angles at (a) 20 mO P  and (b) 100 mO P . 
 
 The penetration depth is plotted in terms of the wavelength as shown in Figures 
3.13(a) and (b) with 30E  q  and 60q , respectively. The penetration depth for tilted CNT 
arrays is calculated using Eq. (3.3) by setting z zk k
  according to Eq. (2.19). The 
spectral behavior of the penetration depth is associated with the trend of the extinction 
coefficient due to the free carriers and far-infrared interband transition in graphite. The 
penetration depth is the highest at all wavelengths when iT E . This trend supports the 
low-loss transmission characteristic, but now along the coordinate-transformed optical 
axis. In addition, the magnitudes of the penetration depth differ between the two tilting 
angles. In more heavily tilted CNT, the average penetration depth is reduced almost by 
half. This is explained by the longer length of heavily tilted CNT filaments at a given 
depth from the surface. The minimal reflectance and maximal penetration depth when the 
incidence angle is coincident with the tilting angle demonstrate high transmission in 
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TACNT arrays along the optical axis. In the following, the all-angle self-collimation is 
demonstrated for CNT arrays with or without tilting. 
 
Figure 3.13  Penetration depths of TACNT arrays at various incidence angles for (a) 
30E  q  and (b) 60E  q . 
 
3.3.2 Hyperbolic Dispersion and Energy Streamlines 
 Figure 3.14 shows the isofrequency contour plots in the -x zk k  space at 
20 mO P  for various tilting angles. Note that the wavevectors are divided by 0k . 
Taking Fig. 3.14(a) for VACNT as an example, the unit circle is the isofrequency curve 
for wavevector ik  of the incident wave divided by 0k . The incident Poynting vector 
i( )S  is parallel to the wavevector and perpendicular to the isofrequency curve. For the 
hyperbolic dispersion described by Eq. (2.11), the solutions of the real part of zk  are the 
upper and lower hyperbolic branches. Due to loss, the solution also results in a positive 
imaginary part of zk , as indicated by the dotted curve. The resultant Poynting vector 
CNT( )S  is perpendicular to the isofrequency curve for 0Re( / )zk k  [80,142]. The 
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wavevector in the CNT, CNTk , begins from the origin and ends at the hyperbolic 
dispersion curve with the condition that 0 sinx ik k T . Furthermore, the requirement for 
the z-component of CNTS  to be positive necessitates that the upper branch of the 
isofrequency curve corresponds to waves incident from vacuum to the CNT. As indicated 
in Fig. 3.14(a), the Poynting vector points slightly leftward, suggesting negative energy 
refraction. Since the isofrequency contour is rather flat, the Poynting vector is nearly 
parallel to the z-axis or the nanotubes. This is in agreement with the energy refraction 
angles seen in Fig. 3.6. 
 The remaining isofrequency contours shown in Figs. 3.14(b-d) demonstrate the 
refraction and self-collimation for tilted CNT arrays at 30 ,  60 ,  and 70E  q q q , 
respectively. Since the optical axis forms an angle E with respect to the surface normal, 
the dispersion relation is taken from Eq. (2.25). In Fig. 3.14(b), the 0Re( / )zk k  line is 
slanted along the tilting angle, resulting in all Poynting vectors pointing toward 
approximately θS = 30°. For 60E  q , as shown in Fig. 3.14(c), the self-collimation 
mechanism remains the same as the Poynting vectors point toward the tilting angle. 
However, toward large negative xk , the 0Re( / )zk k  curve is slightly bent. The situation 
is more prominent in the case for 70E  q  as shown in Fig. 3.14(d), where the dispersion 
curve undulates toward negative xk . Self-collimation breaks down when radiation is 
incident from the opposite side (i.e., i 0T  q ) for CNT arrays with large tilting angles. 
The vertical dotted lines in Figs. 3.14(b-d) are for 0/ sinxk k E  or iT E . It can be seen 




Figure 3.14  Normalized hyperbolic dispersion iso-frequency diagrams at 20 mO P  for 
(a) VACNT, and TACNT arrays with tilting angles at (b) 30E  q , (c) 60E  q , and (d) 
70E  q . 
 
 For isofrequency contours at O = 100 Pm (not shown), 0Im( / )zk k  lines are 
greater in magnitude. Interestingly, for heavily tilted CNT ( ) at O = 100 Pm, the 
undulation of the 0Re( / )zk k  line at negative xk  is not as evident. This signifies that 
self-collimation is more inclusive at O = 100 Pm, but the waves propagating in CNT may 




is slightly greater, when normalized to the wavelength, /G O  generally decreases toward 
longer wavelengths. 
The refraction angles for TACNT are shown in Figure 3.15 for O = 20 Pm along 
with that for VACNT for comparison. The wavevector refraction angle has the same sign 
as the incidence angle, as shown in Fig. 3.15(a). The energy refraction angles shown in 
Fig. 3.15(b) can help better interpret the observations made above for Fig. 3.14. It should 
be noted that the energy refraction angle is determined from Eq. (3.2), where the 
Poynting vector components for TACNTs are given by 
 
O E
Re x xx z xzx





 (3.5a)  
 
O E
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Figure 3.15  (a) Wavevector refraction angle ( kT ) for tilted CNT array at 20 mO P  and 
(b) energy refraction angle ( ST ) calculated from Eq. (3.2). For comparison, the Poynting 
vector refraction angles obtained from the transfer matrix method for CNT thin films of 
2 10 md P  are shown as marks. 
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Clearly, ST  largely follows the CNT tilting angle for any incidence when 60E  q . With 
heavily tilted CNTs, especially when 70E  q  and for negative iT , ST  deviates 
significantly from the tilting angle. In the case with O = 100 Pm, ST  is almost constant 
for all incidence angles (although not shown here), indicating near-perfect self-
collimation. In Fig. 3.15(b), the data points indicate the Poynting vector refraction angle 
calculated using transfer matrix formulation for a thin film of d2 = 10 Pm. The agreement 
suggests that surface refraction dominates the Poynting vector direction in the CNT film, 
although interference effects can modify it slightly. 
Energy streamlines are obtained for a thin CNT film with d2 = 10 Pm for various 
incidence angles and with different tilting angles, as shown in Fig. 3.16. The energy 
streamlines are traces of the Poynting vector trajectories for plane waves with O = 20 Pm 
incident from vacuum onto the film. All the streamlines are assumed to originate at 0x   
and 20.5z d  . Due to the low reflection at the interfaces between vacuum and CNT 
film, the streamlines are nearly straight in each region. As shown in Fig. 9(a) for 
VACNT, the streamlines are symmetric with respect to x = 0. The upper curves are for iT  
> 0° and the lower curves are for iT  < 0°. As seen in Fig. 3.16(a), the energy streamlines 
show slight negative bending, but largely travel along the optical axis of the CNT array. 
In the exiting medium, 2z d! , the streamlines or rays continue to spread away from the 
“source.” Essentially, from z = 0 to z = d2, the beam is collimated and the shape of the 
incoming rays from the incident interface to the outgoing interface is conserved. In Figs. 
3.16(b) and (c), with CNT tilting angles of 30E  q  and 60E  q , respectively, the self-
collimation characteristic through the thin film is also conserved. The rays inside the 
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CNT always travel along its optical axis. However, at 70E  q , as shown in Fig. 3.16(d), 
self-collimation breaks down at negative incident angles, as evident from the bottom 
three streamlines. 
 
Figure 3.16  Energy streamlines for various incidence angles at 20 mO P  for CNT thin 
films of 10 md P  with different tilting angles: (a) 0E  q  (VACNT), (b) 30E  q , (c) 
60E  q , and (d) 70E  q . Streamlines above i 0T   are for positive iT , and below 




  3.4 Conclusion 
 The radiative properties of multi-walled VACNT coatings are investigated by 
assuming that the nanotubes exhibit similar dielectric properties as that of coordinate-
transformed graphite. Due to the refractive index matching in the near- to mid-infrared, 
surface reflection is low and the material becomes a good absorber. Two broad 
hyperbolic dispersion bands in the far-infrared region are also predicted based on the 
effective dielectric tensor. Due to the interband transition at λ ≈ 100 μm and free electron 
effect in the far-infrared, the reflectance is high, resulting in a rather low absorption at 
100 mO P! . Generally, low packing density and high degree of alignment can reduce 
surface reflection. Also, the Brewster angle is best defined only in the near- and far-
infrared, as matching with the principal angle is qualified. For thin CNT films, 
absorptance in the near- and mid-infrared is deteriorated due to high penetration depth 
and reflection at the CNT-substrate interface. 
 With VACNT having hyperbolic dispersion, the energy refraction angle is 
negative and the Poynting vector tends to align with the optical axis of the CNT array, 
whether vertically aligned or tilted. Loss-enhanced transmission and collimation in CNT 
arrays are demonstrated in the far-infrared from two hyperbolic regions. Improving the 
alignment factor can further promote this mechanism. For tilted CNT arrays, surface 
reflectance is reduced and the penetration depth is increased when the incidence angle is 
nearly coincident with the tilting angle, especially at O = 20 Pm. The refraction and self-
collimation of light through the tilted CNT array is strong for most tilting angles. For 
heavily tilted CNT, however, self-collimation may break down when radiation is incident 
at negative angles. 
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  CHAPTER 4 
 NEGATIVE REFRACTION IN MULTILAYERS 
   
 The unique radiative properties of multilayers are discussed in this Chapter, 
namely the negative angle of refraction of waves from visible to infrared wavelengths. 
Typically, multilayers contain alternating layers of metal and dielectric to achieve the 
hyperbolic dispersion needed for negative index. In Section 4.1, graphene is introduced 
and the properties are portrayed to propose graphene-dielectric multilayers. The far-field 
radiative properties of graphene-dielectric multilayers are shown in the following section. 
By tuning the biasing of graphene, such multilayered thin film can achieve switchable 
positive and negative angle refraction. To contrast the capabilities of graphene-dielectric 
multilayers are metal- or semiconductor-dielectric multilayers, as studied in Section 4.3. 
Here, the energy streamlines and radiative properties are compared for three cases to 
elucidate some parameters for appropriate use of effective medium theory (EMT). The 
next section queries the far-field radiative properties of multilayers with graded layer 
thicknesses. Since EMT does not have a metric to account for non-periodic multilayers, 
some new constraints and assumptions are made. The last section concludes this Chapter 
on multilayers. 
 
  4.1 Properties of Graphene and Multilayers 
 The dielectric function of graphene determined from Eq. (2.7) is shown in Figure 
4.1. Three representative chemical potential ( P ) values are established for study in the 
remainder of this Chapter. The salient feature of graphene is its tunable negative real 
component of permittivity in the far-infrared, as shown in Fig. 4.1(a). The interband 
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transition for the lowest chemical potential (0.1 eV) is centered around 2Z P , which 
corresponds to 6.2 mO P . For higher chemical potentials, the Drude conductivity 
(intraband) dominates from the mid-infrared. Also notable is the imaginary component of 
the permittivity shown in Fig. 4.1(b). Beside the increasing loss due to the Drude-like 
absorption, increasing chemical potential reduces loss in the mid-infrared regime. 
 
Figure 4.1  (a) Real and (b) imaginary components of the relative sheet permittivity of 
graphene at chemical potential levels of 0.1 eVP  , 0.3 eV , and 0.5 eV . 
 
 Visual representation of the graphene-dielectric multilayer is tied to Fig. 2.3, 
where d corresponds to dielectric layer and m to graphene in this case. Since graphene is 
much thinner than feasible layers of dielectrics, the period size (/ ) is nearly the same as 
the dielectric spacer thickness. Also, the filling fraction is nearly zero. Due to the large 
magnitude of graphene relative to typical positive index dielectrics, the EMT equations 
from Eq. (2.10) for traditional multilayers are modified to, 
   O g d,O1f fH H H    (4.1a) 
  E d,EH H  (4.1b) 
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The ordinary direction permittivity ( OH ) of the graphene-dielectric multilayers calculated 
using Eq. (4.1) is shown in Figure 4.2 for two different dielectric spacer thicknesses. The 
static, lossless, and isotropic permittivity for the dielectric spacer is d 6.0H  . The 
dielectric spacer thickness is set between d 10 nmd   and 50 nm.  
   
Figure 4.2  Contour plots of the graphene-dielectric multilayers’ relative permittivity 
determined by EMT. The dielectric spacer dimensions of (a) d 50 nmd   and (b) 10 nm 
are shown. The dashed line marks where O 0H  . Positive OH  are not shaded in the 
lower-left region and rise monotonically toward d 6.0H  . 
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 Fig. 4.2(a) shows with 50 nm-thick dielectric spacers, OH  is negative when 
11 mO P! . As the chemical potential of graphene decreases, the cutoff wavelength for 
negative OH  becomes higher, as indicated by the dashed line. This trend is shifted toward 
the lower-left when the dielectric spacer thickness is reduced to 10 nm, as seen in Fig. 
4.2(b). Since the filling ratio is increased by five-fold, the effect from gH  becomes 
stronger and negative OH  exists at wavelengths down to 5 mO P . The magnitude of 
OH  is also increased approximately five-fold for the settings corresponding to the upper-
right of the contoured plot. Any higher chemical potential in graphene may be limited by 
voltage biasing [52,61,63]. 
 
  4.2 Tunable Refraction in Graphene-Dielectric Multilayers 
 In this section, we present an alternative perspective of the graphene-dielectric 
multilayers to better accomplish the sought-after optical properties of hyperbolic 
metamaterials. By introducing the side-incidence perspective, positive and negative 
refraction can be actively controlled. The traditional perspective of the graphene-
dielectric multilayers (top-incidence) is illustrated by the conical beam, and the proposed 
alternative perspective (side-incidence) is shown by the rhombic beam in Figure 4.3(a). 
The unique advantage of the side-incidence perspective is the tunability between positive 
and negative refraction, enabled by graphene. Since all structures have characteristic 
dimensions that are magnitudes smaller than the wavelengths of interest, the photonic 
crystal medium appears homogeneous and anisotropic. Exact multilayer electromagnetic 
wave theory is used to validate the effective medium assumption for the top-incidence 
case only. The associated nomenclatures of both orientations are denoted in Fig. 4.3(b). 
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Figure 4.3  Illustration of graphene-dielectric multilayers showing (a) the interactions 
with light beams in perpendicular directions (top-incidence versus side-incidence 
perspectives), and (b) the nomenclature of associated dimensions and permittivities of the 
graphene sheets and dielectric spacers. Coordinates and nomenclature corresponding to 
side-incidence are denoted by the prime. 
 
 To illustrate the possible negative index in the multilayers from the top-incidence 
perspective, the energy streamlines made by tracing the Poynting vectors are shown in 
Figure 4.4(a). The number of periods (N) is 40, and the dielectric spacer thickness is 50 
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nm, which gives the total slab thickness of 2.01 md P . The streamlines determined by 
TMM (lines) and EMT (points) agree reasonably well under the prescribed parameters. 
For shorter wavelengths or thicker dielectric spacers, EMT breaks down, according to 
dzk d S  or d2d O  [62,142,161]. Despite having negative OH  at the prescribed 
wavelength and chemical potential, no negative angle light bending is observed at any 
incidence angle ( iT ). The refraction angle can be approximated as, 
2 2 2
0 O O Ez xk k kH H Hc cc cc|  , so for a positive imaginary term ( OH cc ) follows an ellipse-like 
dispersion. As it turns out, by evaluating the anisotropic dielectric function in Eq. (4.1) 
for Eq. (2.11), the hyperbolic dispersion is of Type II. The blocking of propagating waves 
is demonstrated in Fig. 4.4(b), where shrinking the period size and adding the number of 
layers increases the influence of the negative-permittivity graphene. This results in the 
loss of transmission through the multilayers containing many graphene sheets.  
 
Figure 4.4  The radiative properties determined by transfer matrix method (TMM, lines) 
versus EMT (points) of the top-incidence multilayers. (a) The energy streamlines in 
multilayer thin film with slab thickness of d = 2.01 μm. (b) Transmittance spectra of the 
multilayer thin film with different number of layer periods and dielectric spacer sizes. 
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 The side-incidence perspective in effect switches zk  for xk c , and xk  for zk c  in 
Eq. (2.11). This change in the dispersion relation supports negative angle refraction, 
while the metamaterial is still defined as Type II hyperbolic. Under this circumstance, all 
incident waves on the multilayers result in Poynting vectors directed in the negative x' 
direction [82,142]. The energy streamlines of the side-incidence multilayers are 
illustrated in Figure 4.5 for various cases. The slab thickness d in the direction of z' is set 
to exactly 2.0 mP , and N is sufficiently large to accommodate millimeters-wide beam 
sizes in the x' direction. In this framework, the EMT formulation of a uniaxial slab is 
suitable since the wavelength versus period sizing inequality is satisfied. The interaction 
with TM waves in the y'-z' plane of incidence (magnetic field is in the x' direction) is 
isotropic and high loss, according to 2 2 2O 0x zk k kHc c  , and therefore not considered. 
Figures 4.5(a), (c), and (e) show the shift in dispersion type as the chemical 
potential is increased from 0.3 eVP  , 0.413 eV , to 0.5 eV , respectively. In these 
cases, the dielectric spacer thickness ( d 50 nmd  ) and wavelength ( 14 mO P ) are held 
constant. For 0.3 eVP   corresponding to positive OH , ordinary positive refraction is 
seen. At the dashed line indicated in Fig. 4.2(a), where the real part of OH  is zero 
O( 0)H c  , setting 0.413 eVP   makes the multilayers behave as a self-collimator. While 
this mode may promise fiber optic-like properties, it is extremely narrowband and suffers 
from high loss, which will be elaborated later. At 0.5 eVP  , where O 1.28 0.13iH    , 
the energy streamlines begin to divert in the negative x' direction inside the medium. 
Some interference effects or undulations in the streamlines are observed, which may 




Figure 4.5  Energy streamlines in graphene-dielectric multilayers from side-incidence 
perspective. Corresponding to d 50 nmd   and 14 mO P : (a), (c), and (e) exhibit 
positive index, epsilon-near-zero, and negative index dispersions, respectively, as the 
graphene chemical potential is increased. For d 10 nmd   and 0.5 eVP  : (b), (d), and 
(f) demonstrate large lateral shifts, negative index, and self-collimation, respectively, for 
increasing wavelength. The slab thickness (d) is set to 2.0 μm. 
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The dielectric spacer size of d 10 nmd   is used to illustrate the effect of largely 
negative OH  as the wavelength is increased. Figures 4.5(b), (d), and (f) show streamlines 
at 5.5 mO P , 6 mP , and 14 mP , respectively, while holding P  = 0.5 eV. At 
5.5 mO P , the positive refraction is similar to that shown in Fig. 4.5(a), but with greater 
lateral shift. This is due to the small and positive real component in OH , thus amplifying 
the changes in the z'-component on the x'-component. In the case when 6 mO P , the 
streamlines present themselves similarly to those in Fig. 4.5(e) since OH  is also negative. 
When taking the wavelength to 14 mO P , where O 29.3 0.65iH    , the large 
magnitude in OH  makes xk c  nearly insensitive to zk c . This results in a self-collimation 
effect in the multilayer medium that is also broadband in longer mid-infrared 
wavelengths [157]. Unlike the collimation seen in Fig. 4.5(c), radiative transmission is 
sustained, as will be elaborated next. 
The transmittance profiles with incidence angle for each case examined in Fig. 4 
are shown in Figure 4.6. The thin film is highly transmitting in both positive and negative 
refraction modes, as seen in Fig. 4.5(a). However, transmittance is almost totally lost at 
oblique angles when 0.413 eVP  . This epsilon-near-zero (ENZ) mode suffers from 
short penetration depths, approximated to be  O E2 xkG H Hccc| . Contrary to intuition, 
the penetration depth could be larger at ENZ by using a lossy dielectric that increases OH cc  
[157]. In Fig. 4.6(b), the loss in transmittance accompanied by large lateral shift for 
incidence angles greater than approximately 60º is due to the near-ENZ mode when 
5.5 mO P . Here, the anisotropic medium critical angle is defined by  1c OsinT Hc  , 
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which gives c 60.3Tc  q  [3,157]. The other two wavelengths far from ENZ demonstrate 
relatively good transmittance at oblique angles, with some interference patterns due to 
internal film reflections. Having a dielectric spacer defined by a real material dielectric 
function could allow highly penetrating radiation even toward the far-infrared wavelength 
regime. 
 
Figure 4.6  Transmittance spectra of 2.0 μm-thick side-incidence graphene multilayer thin 
films corresponding to changing (a) graphene chemical potential and (b) wavelength. 
 
 The dielectric spacer defined in this study is similar to hexagonal boron nitride 
(hBN), a typical encapsulating material for voltage-gated graphene devices 
[72,121,129,162]. hBN has good large-area lattice matching to graphene without 
compromising the electron mobility of the latter, and can be fabricated in thin layers of a 
few nanometers [72,163]. The real dielectric function of hBN is anisotropic, and can be 
statically approximated to O 6.85H   and E 5.06H  , which turns out average to d 6.0H  
[164]. In addition, the dielectric constant of hBN contains phonon absorption bands that 
could reduce transmission. The two narrowband phonon resonances are centered at 
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7 mO P  and 13 mP  [164]. The wavelengths should be far from these phonon 
absorption bands. In order to fabricate the graphene-dielectric multilayers used in the 
side-incidence manner, further development of growth techniques that ensures multiple 
uniform and large area interface contacts between hBN and graphene is needed. 
 
  4.3 Energy Streamlines in Semiconductor Multilayers 
 The advantage of graphene over deposited metal layers is its infinitesimally thin 
coverage between dielectrics while still offering high conductances. To understand the 
difficulties in traditional metal-dielectric multilayers, the energy streamlines (ESL) and 
radiative properties are studied. The validity of EMT is understood by comparing these 
properties to those found by TMM. Three metal- or semiconductor-dielectric multilayers 
are presented, with their dielectric function and Drude model parameters listed in Table 
4.1. Ref. [83] is a hyperbolic multilayer containing silver and rutile (TiO2), which was 
reported to demonstrate negative refraction in the UV to visible wavelengths. The 
fabricated structure consisted of three MDMDM units, with each layer having 
approximately d,m 30 nmd   in thickness. Equivalently, 8N   according to the 
multilayer geometry shown in Fig. 2.3. Ref. [165] contains semiconductor-dielectric 
layers, which the former material is achieved by doping zinc oxide with aluminum (AZO-
ZnO). The fabricated thin film was reported to have 16 alternating layers ( 8N  ), each 
60 nm thick. The doping concentration of the AZO layers is 20 34.3 10  cmu . The 
semiconductor substitute for metal offers tunability by means of doping, and has less loss 
while offering negative permittivity. Furthermore, fabrication of doped semiconductors is 
more integrated, and does not require very thin layer deposition. Ref. [159] offers another 
semiconductor-dielectric multilayers, which consist of aluminum or gallium-doped 
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indium arsenide (Al0.48In0.52As-In0.53Ga0.47As). The doping concentration for most cases 
was set to 18 37.5 10  cmu . Here, the layers are 80 nm thick, and all alternating layers 
added to 8.1 mP  ( 50N | ). 
 
Table 4.1  Dielectric function and Drude model parameters of hyperbolic multilayers. 
 dH  Hf  pZ  J  
Ref. [83] :  6.3A 9.1 
:  7.8 11.5  
1.0 161.39 10  rad/su  132.73 10  rad/su  
Ref. [165] 4.0 4.0 151.04 10  rad/su  141.85 10  rad/su  
Ref. [159] 10.23 12.15 142.14 10  rad/su  131.0 10  rad/su  
  
  
 The wavelength regions at which the multilayers transition from Type I to Type II 
hyperbolic dispersion is distinct. Figure 4.7 plots the ordinary and extraordinary 
components of the dielectric function of the three multilayers. The dielectric functions 
determined by EMT all have filling ratios of 0.5f  . The Ag-TiO2 multilayers, shown in 
Fig. 4.7(a) makes the transition at 0.44 mO P . The Type I hyperbolic regime is 
highlighted in blue, and Type II in yellow. The dielectric function of AZO-ZnO 
multilayers is shown in Fig. 4.7(b). The transition between Type I and II is smeared near 
2.5 mO P , so that a narrowband region is double positive permittivity. Unlike the 
previous case, the hyperbolic regions hold relatively small EH c . The dielectric function of 
the indium arsenide multilayers is shown in Fig. 4.7(c). Both semiconductor multilayers 
have hyperbolic dispersion in the near- and mid-infrared wavelengths. 
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Figure 4.7  Dielectric functions of the metal- or semiconductor-dielectric multilayers: (a) 
Silver-Rutile (Ag-TiO2), (b) Aluminum-Zinc Oxide (AZO-ZnO), and (c) Aluminum or 
Gallium-Indium Arsenide (AlInAs-InGaAs). The blue shaded region corresponds to 
O 0H c !  and E 0H c  , and yellow to O 0H c   and E 0H c ! . 
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 The energy streamlines and transmittance of the aforementioned multilayers are 
shown in Figure 4.8. The TM wave ESLs all have incidence angles at i 40T  q , which 
correspond to the simulated beam field maps of Ref. [165]. The standard case is given 
alongside a case where the thickness of the layers is either increased or decreased. In Fig. 
4.8(a), the standard case for Ag-TiO2 multilayers is d,m 30 nmd  . The wavelength used 
concerning Type I hyperbolic dispersion is 400 nmO  , which is more than an order 
magnitude spatially larger than the thickness of constituent layers. However, the jagged 
ESL determined by TMM is remarkably different from that by EMT (dotted). Upon 
closer look, the dielectric layers swing the ESL toward the positive x direction, and the 
metal layers toward negative x. Closer to the exiting medium surface ( / 1z d  ), the 
ESL becomes wavy within each layer. This signifies evanescent wave coupling in the 
thin dielectric media between the near-field coupled plasmonic metal surfaces. The layer 
thickness is then reduced to 12 nm, which gives ESL fitting better to that determined by 
EMT. The transmittance profile in terms of the incidence angle, as shown in Fig. 4.8(b), 
also show significant differences between EMT and both cases calculated using TMM. 
The absorptance in the EMT homogenous medium accounts for most of the loss in 
transmittance. In the TMM cases, reflectance becomes significant, as implied by the 
slope of the ESL in medium 1. 
 The ESL and transmittance of AZO-ZnO multilayers are shown in Figs. 4.8(c) 
and (d), respectively. Despite having thicker layers and evident jaggedness, the ESLs 
hold very well to that estimated by EMT. In the case when d,m 120 nmd  , only 4 
periods are contained the thin film. The zig-zag ESLs do not significantly deviate in the 
lateral direction. Moreover, the transmittance profile is nearly unchanged between EMT 
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and TMM of any layer thickness. Figs. 4.8(e) and (f) are for the indium arsenide 
multilayers, which show that for very thick layers ( d,m 500 nmd  , 8N  ), large lateral 
deviations occur in the ESL and transmittance is reduced.  
 The anomaly is in the AZO-ZnO multilayers, which having few periods and very 
thick layers, do not have ESLs that deviate heavily from the homogeneous (EMT) case. 
To better understand the deviations, some definitions and assumptions need to be 
established or revisited. In general, the size of either metal or dielectric layer must be 
smaller than the characteristic wavelength. For all these cases, the layer thickness is at 
least 10 times smaller than the wavelength. Certainly, the greater the ratio, the better the 
agreement. The exact formulation for the thickness limit of EMT is given by the Bloch 
wave theory [86,144,166]. The existence of propagating Bloch waves is given by the 
inequality, 
  d,mzk d S  (4.2) 
where zk  and d  are defined in each homogeneous medium. For example, this condition 
applied to EMT, where zk  employs the permittivity of the multilayered medium, is 0.4. 
This is a magnitude smaller than S . However, in the dielectric layer, 2 20 dz xk k kH   
and results in a larger real component. The condition in Eq. (4.2) is 1.4 for 30 nm-thick 
layers, and 0.6 for 12 nm-thick layers. The reason why 120 nm-thick layers in AZO-ZnO 
remains true to EMT is because the condition is small ( d,m 0.7zk d  ). The 500 nm-thick 
layers shown in Fig. 4.8(e) comes to d,m 1.04zk d  . Therefore, what this may suggest is 
for the inequality to be modified to d,m 1zk d   to have reasonable agreement between 




Figure 4.8  Energy streamlines at incidence angle of i 40T  q , and angular transmittance 
profiles: (a) The energy streamlines and (b) transmittance of Al-TiO2 multilayer thin film 
of 480 nmd   thickness;  (c) and (d) of AZO-ZnO multilayer thin film of 960 nmd   





 The left column of Figure 4.9 illustrates Bloch waves in the multilayered media. 
The squared electric field magnitudes are normalized to that of the incidence field. For 
the Ag-TiO2 multilayers, shown in Fig. 4.9(a), the waves formulated by EMT are 
continuous and periodic. The true Bloch waves are determined by TMM, which show 
frequency envelopes due to two wave translation operators. The dual-mode sinusoid is 
clear for the case d,m 12 nmd  , but not in the other one. No clear frequencies are 
observed when the layer thickness becomes very large. Fig. 4.9(c) offers a counter 
indication, in which despite having thick layers, the periodic wave shape is conserved 
throughout the thin film. The discontinuities in the Bloch waves are due to the lossless 
dielectrics used in modeling the multilayers. This is also observed in Fig. 4.9(e), in which 
for the thick layers, the periodicity is not as clean. Toward the bottom of the thin film, the 
Bloch waves begin to break down, leading to mismatching with the waves determined by 
EMT. The breakdown of Bloch waves implies that the imaginary component of each 
constituent layers’ permittivities should be reduced in negative index materials.  
 The illustrate at which layer or period the breakdown of Bloch waves occurs, the 
penetration depths are studied, as shown in Figs. 4.9(b), (d), and (f). Generally, the 
penetration depth should over estimate that by EMT, because the dielectric layers at least 
in the first few periods are nearly lossless. For Ag-TiO2 multilayers, the penetration depth 
profile for 30 nm-thick layers demonstrates a step-like reduction with incidence angle. 
Unlike those shown in Fig. 4.9(d), the steps are smoothened because the dielectric is 
modeled as having a small loss. In both semiconductor-dielectric multilayers, the 
penetration depths at very oblique angles match that of EMT. This signifies that despite 




Figure 4.9  Squared electric field magnitudes normalized to incidence surface for (a) Al-
TiO2, (c) AZO-ZnO, and (e) AlInAs-InGaAs. The penetration depths varying with the 
incidence angle for (b) Al-TiO2, (d) AZO-ZnO, and (f) AlInAs-InGaAs. The wavelengths 
and thin film thicknesses correspond to those in Fig. 4.8. 
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validity of EMT in constructing ESLs relies on not only the reducing the real component 
of the dielectric permittivity, but also smaller loss in metal, semiconductor, and dielectric 
layers as well. 
4.4 Effect of Non-Periodic Multilayers 
 A shortcoming of the 1D multilayer EMT equation presented in Eq. (2.10) is its 
singular dependency on the filling ratio. For example, it does not account for sizes of 
individual periods. Therefore, one can craft non-periodic or gradient multilayers that still 
demonstrate the same filling ratio. Figure. 4.10 illustrates two cases: Within each period, 
the metal to dielectric ratio is unity. The next period is enlarged, as shown in Fig. 4.10(a), 
 
Figure 4.10  Schematic and nomenclature of: (a) One-way gradient multilayers, and (b) 
Symmetrically-graded multilayers. The period numbers correspond to that from Fig. 2.3. 
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by a factor of D . This gradient factor is constant throughout the one-way graded 
multilayer. Fig. 4.10(b) is a symmetrically-graded multilayer, in which the middle period 
is either the largest or smallest, depending on how D  is defined.  
 In the one-way graded multilayers, the ESLs abide to that estimated by EMT 
fairly well, as shown in Figure 4.11(a). The material definitions are based on those in 
Ref. [165]. The thickest layer for either configuration is 115 nm, which is over 17 times 
smaller than the characteristic wavelength ( 2 mO P ). However, Fig. 4.11(b) tells of a 
different story, by understanding the differences between reflectance and transmittance of 
EMT versus graded multilayers. When the gradient factor is unity, one expects to see 
near-zero reflectance and transmittance differences. This is not the case since the 
difference in reflectance is smallest toward large gradient factors. Therefore, EMT 
presumes near-infinitesimally thin layers, especially at the thin film incidence surface. 
 
Figure 4.11  (a) Energy streamlines at incidence angle i 40T  q , and (b) the differences in 




For the case when i 10T  q , the gradient factor that results in least difference in 
reflectance is near 0.9D   and then becomes anti-reflecting. This is most likely due to 
the thick top dielectric layer and the lack of internal reflection at shallow incidence 
angles. If the top layer is metal or semiconductor, the reduction of reflectance is not 
observed for increasing gradient factor (not shown). 
 Figure 4.12 shows the case where the gradient periods are symmetric across the 
center of the thin film. The ESLs in Fig. 4.12(a) makes the changing layer thicknesses 
evident, where the thickest layers deviate the most from the ESL estimated by EMT. 
Overall, the agreement with EMT is very good as the ESLs are collinear in the outgoing 
medium. From Fig. 4.12(b), the difference in reflectance and transmittance is nearly the 
same as those seen in one-way gradient multilayers. At low incidence angles, the film is 
anti-reflecting for high gradient factors, and also becomes increasingly transmitting. This 
is likely due to the increased coupling and conservation of Bloch waves toward the back 
 
Figure 4.12  (a) Energy streamlines at i 40T  q , and (b) the differences in reflectance or 




of the thin film. While the differences in radiative properties between graded multilayers 
and EMT are small and cannot be easily detected by common spectrometers, the graded 
multilayers indicate the preference of very thin constituent layers especially close to the 
surface of the thin film. 
 
4.5 Conclusion 
 In summary, the graphene-dielectric multilayers demonstrate negative angle 
refraction not in the traditional top-incidence orientation. Depending on the chemical 
potential or voltage biasing of the parallel graphene sheets, the effective anisotropic 
permittivity of the medium may be negative. Energy streamlines traced from side-
incidence shows both positive and negative refraction in infrared wavelengths. Generally, 
the graphene-dielectric multilayers can serve negative refraction with increased chemical 
potential and in longer mid-infrared wavelengths. With improved technology to grow the 
graphene-dielectric multilayer films in the desired orientation, this work has promise in 
transparent subwavelength infrared imaging and filtering devices. 
 The three metal-semiconductor multilayer case studies offer understanding of the 
effect of material or layer properties on estimating the optics and radiative properties in 
negative index metamaterials. The traditional metal-dielectric (Ag-TiO2) multilayers for 
visible wavelength refraction do not result in good agreement between EMT and the 
layered medium method. The dielectric and metal constituents are fairly lossy, leading to 
decay of Bloch waves especially within thick layers of few periods. While 
semiconductor-dielectric multilayers may offer practical advantages, not all cases can 
precisely use EMT to estimate radiative properties. Both the dielectric and semiconductor 
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should have minimized permittivity positive or negative magnitudes, respectively. In the 
examination of Bloch waves and the penetration depth, reduced imaginary component of 
both types of layers is recommended. Further refinement of semiconductor and dielectric 
permittivity tuning can lead to better future consumable optical devices.  
 The gradient multilayers offer an interesting exercise to design anti-reflecting thin 
films that also demonstrate negative refractive index. In general, the layers near the 
incidence surface and/or outgoing surface are made to be thin as possible. As well, EMT 
holds for gradient multilayer having subwavelength thicknesses. Although the differences 
in radiative properties from EMT are small, the fabrication techniques of such 




  CHAPTER 5 
 NEAR-FIELD ENERGY TRANSPORT BETWEEN METAMATERIALS 
 
 In this Chapter, the hyperbolic metamaterials investigated previously for far-field 
radiative properties are brought closer together to form a sub-micron vacuum gap 
between an emitter and receiver substrates. Due to coupling of evanescent waves at these 
distances, the near-field heat flux is improved several magnitudes over blackbodies in the 
far field [107,149,167]. The first section explores the near-field heat transfer between 
VACNT arrays and graphite. The transmission coefficient normalized wavevector and 
frequency contour is established to evoke meaning into near-field transport. The 
relationship of the vacuum gap distance and the heat flux enhancement over blackbody is 
shown to compare non-hyperbolic material versus hyperbolic metamaterial tunneling. 
Section 6.2 introduces graphene-covered VACNT arrays, where the graphene sheets 
promote surface plasmon polariton (SPP) resonance modes that are adjustable to 
chemical potential. The mechanisms are similarly explained here as well, alongside the 
photon penetration depth and near-field Poynting vectors into the substrates. The final 
section presents the near-field heat transfer between the graphene-dielectric multilayers 
presented in Chapter 4. A conclusion is provided to compare the capabilities of the 
various carbon-based hyperbolic metamaterials for near-field heat flux enhancement. 
 
  5.1 Heat Flux Enhancement between Carbon Nanotubes 
 The schematic of near-field heat transfer between two substrates of VACNT with 
different temperatures is shown in Figure 6.1. The VACNT array or film is treated as a 
homogeneous semi-infinite medium. This assumption is reasonable because the 
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fabricated VACNT arrays could be as long as several millimeters and have high 
absorption coefficients [137]. In the remaining sections, each emitter and receiver 
substrate is assumed to be at equilibrium temperature of T1 = 300 K and T2 = 0 K, 
respectively. Furthermore, the optical constants of the two media are assumed to be the 
same based on the room-temperature values. 
   
Figure 5.1  Schematic of near-field radiative heat transfer between VACNT emitter and 
receiver separated by a vacuum gap distance of H. The VACNT substrates are treated as 
semi-infinite homogeneous media at thermal equilibrium. 
 
 In graphite, two Type II hyperbolic regions are delineated: One at angular 
frequencies below 2.1×1013 rad/s (due to free electrons) and the other ranging from 
3.0×1013 rad/s to 1.8×1014 rad/s (associated with the interband transition). The dielectric 
functions of VACNT are determined using Eqs. (2.8) and (2.9), where the filling ratio 
and alignment factor remain at 0.05f   and 0.98[  , respectively. The two Type I 
hyperbolic bands corresponding to Fig. 3.1 given in angular frequency are given as: 
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1.4×1013 rad/s to 2.1×1013 rad/s (low frequency band), and 3.0×1013 rad/s to 1.3×1014 
rad/s (high frequency band). 
 To predict the thermal transport of photons across the vacuum gap, the 
normalized wavevector ( 0/xk k ) and angular frequency contours for the TM wave 
transmission coefficient ( pT ) are drawn. Figure 6.2 shows them for VACNT and graphite 
substrates separated by a H = 10 μm vacuum gap. Note that only TM waves need to be 
considered since the contribution of TE waves is negligible at deep submicron gap 
distances. The transmission contour does not have shape discontinuities across regions 
with different dispersions. This is due to the imaginary parts of the permittivities being 
nonzero. The boundaries are very sharp and clear if loss were intentionally removed, 
although the results are not shown here. A large transmission coefficient at large 
normalized wavevector in the evanescent regime ( 0/ 1xk k ! ) means more photon 
tunneling modes or channels for near-field transport. 
 Fig. 6.2(a) clearly suggests that hyperbolic modes in VACNT are broadband. 
Therefore, these hyperbolic modes significantly contribute to the large heat flux between 
VACNT arrays. The brightly colored low frequency region with high transmission 
coefficients is due to the symmetric coupling of SPPs at the two interfaces between the 
vacuum gap and the anisotropic VACNT films on both sides. The coupled SPP dispersion 
between two uniaxial materials separated by a vacuum gap can be obtained by zeroing 
the denominator of pT After some manipulation, the coupled SPP dispersion (symmetric 












The symmetrically coupled SPPs dispersion governed by Eq. (5.1) is shown in Fig. 5.2(a) 
as the white dashed curve. Above 1.4×1013 rad/s, OH c  becomes positive and thus the 
asymmetrically coupled SPP mode does not exist. 
   
Figure 5.2  Contour of the near-field transmission coefficients in lateral wavevector and 
frequency space for p-polarization at 10 nmH  : (a) VACNT for which the dotted line 
depicts the symmetrically coupled SPP branch, and (b) graphite for which the dash-dotted 
lines indicate the critical wavevectors separating evanescent waves (left) and propagating 
waves (right). Arrows between the horizontal lines indicate the hyperbolic bands 




 For graphite as shown Fig. 5.2(b), the two Type II hyperbolic bands also result in 
high transmission coefficients for large wavevector values. Note from Section 2.2 that 
electromagnetic waves are always propagating in Type I hyperbolic band, while for Type 
II metamaterials propagating waves are supported only when xk  is greater than the 
critical wavevector, given by cr 0k k H . The critical wavevectors are depicted in Fig. 
5.2(b) as the dash-dotted lines in both hyperbolic bands. Note that the argument made 
here is based on low-loss materials for which the imaginary part of the corresponding 
dielectric function is much smaller than the real part. The distinction between 
propagating and evanescent waves is obscure in high-loss materials. Nevertheless, it can 
be seen from Fig. 5.2(b) that the transmission coefficients are very small when crxk k , 
thus the regions on the left of the dash-dotted lines contribute little to the heat flux. Once 
crxk k! , 
pIm( )r  becomes nontrivial and the transmission coefficient can be very large 
[161]. For both types of materials, the hyperbolic modes can be viewed as a special type 
of frustrated total internal reflection modes [169]. Because VACNT is able to support an 
SPP resonance band and achieve relatively low loss in its permittivity, enhanced near-
field transmission is possible. 
 The spectral heat fluxes between VACNT and graphite plates separated at H = 10 
nm are plotted in Figure 5.3 along with that between two blackbodies in the far field. The 
low- and high-frequency Type I hyperbolic peaks for VACNT are located at 1.52×1013 
rad/s and 4.97×1013 rad/s, respectively. An interesting phenomenon is that the spectral 
heat flux at frequencies lower than 2.1×1013 rad/s (shaded region) only contributes 0.64% 
for blackbodies, while for VACNT the low-frequency contribution would be as high as 
14.3% due to hyperbolic modes along with the coupled SPPs. These values are obtained 
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from the cumulative or integrated heat flux distribution (not shown here). It can also be 
seen from Fig. 5.3 that the peaks in the spectral heat flux due to the hyperbolic modes are 
at lower frequencies than that for far-field blackbodies (BB). In this respect, VACNT 
arrays are a good candidate for near-field thermal radiation at cryogenic temperatures, 
since Planck’s oscillator would give a heavier weight toward lower frequencies with 
decreasing temperature. 
   
Figure 5.3  Comparison of the spectral heat fluxes (in nW/m2 per rad/s) for VACNT and 
graphite (scaled up by 10) at 10 nmH  , and that for blackbodies (scaled up by 104) in 
the far field. The shaded region represents the contributions to near-field radiative 
transfer for VACNT by the symmetrically coupled SPP and low-frequency hyperbolic 
modes. 
 
 Figure 5.4 plots the radiative heat flux divided by that between blackbodies 
BB( )Q  as a function of gap distance for both VACNT and graphite. For the purpose of 
comparison, the heat flux for silicon carbide (SiC) is shown since it is widely used in 
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thermal radiation analysis and experiments due to its capability of supporting surface 
phonon polaritons in the mid-infrared region. In terms of heat transfer enhancement, 
VACNT can outperform SiC for any gap distance ranging from deep submicron to the far 
field. When H = 10 nm, VACNT SiC/Q Q  is as high as 9.7, confirming that VACNT arrays 
are very promising for near-field localized thermal management and thermal imaging. In 
the far field, VACNT BB/Q Q  is 0.90, which agrees with the absorptance results discussed 
in Chapter 3. 
    
Figure 5.4  Near-field radiative heat flux (divided by the blackbody heat flux in the far 
field) for H ranging from 10 nm to 100 Pm. 
 
 Although graphite does not support SPPs or negative refraction, due to its Type II 
hyperbolic dispersion in the infrared region, it can also enhance near-field radiative 
transfer to a level close to that of SiC. While it has been reported that the emissivity of 
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graphite could exceed 0.8, the studied samples usually have rough surfaces with texture 
structures [170]. For highly polished smooth surfaces, the large absolute values of HA  
make graphite a low-emissivity material in the mid-infrared [113].  
 The filling ratio of VACNT arrays can also affect heat flux, and increasing the 
filling ratio f  beyond 0.05 would cause additional loss that impairs the heat transfer. On 
the other hand, decreasing f  can further increase the heat flux up to a maximum when 
f  = 0.013 for 10 nmH  . Smaller filling ratio not only reduces heat flux, but also EMT 
may break down since the CNT unit cell spacing exceeds that of the vacuum gap size 
[161]. The enhanced heat transfer can also be assessed by evaluating the heat transfer 
coefficient, which is essentially the heat flux per unit temperature difference, near room 
temperature. The heat transfer coefficient for VACNT near room temperature with 
10 nmH   is calculated to be 5.3 × 104 W/m2-K, which is nearly six times that for SiC. 
   
  5.2 Mode Hybridization using Graphene 
 The schematic for calculating near-field radiative transfer is depicted in Figure 
5.5, which consists of two semi-infinite VACNT arrays separated by a vacuum gap. In 
the cases of interest, each VACNT array is covered by a single-layer graphene sheet. 
Unlike continuous structures such as pillared graphene where phonon scattering 
dominates near the graphene-CNT junctions, the graphene sheet is assumed to not bond 
or interact with the CNT substrate, which could degrade their unique electronic properties 
[122,171,172]. In order to maximize radiative heat flux, graphene doping levels or 
chemical potentials are set equal on both the emitter and receiver [128]. 
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Figure 5.5  3D illustration of semi-infinite VACNT media covered with single-layer 
graphene sheets. The nomenclature follows that of Figure 2.6. 
 
 Based on the spectral graphene conductivity models presented in Chapter 4, the 
Fresnel reflection coefficients can be retailored to include graphene as sheet currents at 
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where 2 20 xk kJ   . For cases with no graphene covering the VACNT arrays, one can 
simply set 0V  , which gives the original Fresnel coefficients for interfaces. The 
conductivity of graphene is plotted in Figure B.2 in Appendix B in terms of the angular 
frequency, in order to predict the trends in Eq. (5.2). Another way of determining the 
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Fresnel coefficients is to assume graphene as an ultrathin layer, and use the TMM 
discussed in the calculations pertaining to the previous Chapter. The two methods yield 
essentially the same results. 
 The reestablished Fresnel coefficients given in Eq. (5.2) conform to the terms in 
the transmission coefficient, from Eq. (2.30). Figure 5.6 shows the transmission 
coefficient across a broad frequency and lateral wavevector range. The upper-bound 
frequency is determined by the optical phonon frequency 14op 3 10  rad/sZ | u . Above 
such frequency, optical phonon emission alongside electron-hole pair coupling is 
significant [64]. Here, the relaxation time is overcome by electron-phonon scattering and 
high plasmon losses, resulting in as large as an order magnitude reduction. The lower 
bound frequency is set to 123 10  rad/su . This broad frequency range includes most of the 
thermal radiation emitted at 300 K.  
 The contour plot figures in the left column correspond to the transmission 
coefficient between two graphene sheets separated by a vacuum gap (H = 100 nm), but 
without substrates, called vacuum-suspended graphene. The right-side column figures 
describe the near-field device including the VACNT substrates from Fig. 5.5. The three 
rows are associated with different chemical potentials, P  = 0.1 eV, 0.3 eV, and 0.6 eV, 
respectively. The purpose of illustrating the transmission coefficient of vacuum-
suspended graphene is to determine the SPP dispersion between graphene sheets. The 
coupled SPP dispersion relation of graphene is given by [173,174], 
   02 exp 1i HZH J
JV





Figure 5.6  Near-field transmission coefficient contours of vacuum-suspended graphene 
for chemical potentials of (a) 0.1 eVP  , (c) 0.3 eV, and (e) 0.6 eV. The hybridization of 
graphene plasmon resonance and hyperbolic modes is observed in the graphene-covered 
VACNT configuration at (b) 0.1 eVP  , (d) 0.3 eV, and (f) 0.6 eV. The hyperbolic 
dispersion frequency regions of VACNT are denoted by the white arrows between the 
horizontal lines. The near-field gap distance used for this figure and every successive 





In Figs. 5.6(a), (c), and (e), the SPP dispersion curves or bands are drawn in dotted white 
lines. The symmetric band, as shown by the left-hand line, has a xkZ v  relationship 
and originates close to the light line [175]. The anti-symmetric mode is represented by 
the right-hand line, and its resonant lateral wavevector increases inversely with the 
separation distance H. The two SPP mode lines merge toward high frequencies [176].  
 Some notable observations on the transmission contours: For greater chemical 
potential, near-unity transmission in the low frequency range covers a narrow band of 
lateral wavevectors. This low frequency band reflects the narrowing of vacuum-
suspended graphene anti-symmetric SPP dispersion. On the other hand, in the high 
frequency region, the band of near-unity transmission is broadened, and in the case when 
0.6 eVP  , high transmission is extended to include frequencies beyond the hyperbolic 
band. Therefore, with higher chemical potential, the low frequency region suffers 
decreasing number of hyperbolic modes in order to support broad near-unity transmission 
in the high frequency hyperbolic region. However, why do the SPP bands of weakly 
doped graphene exhibit less influence on the transmission contour of the hybridized 
structure, as such seen in Fig. 5.6(b)? In reference to Eq. (2.30), the denominator of the 
transmission coefficient is found to be many orders of magnitudes smaller when the 
chemical potential is increased [177,178]. While weakly doped graphene shows broader 
near-unity transmission in the vicinity of the SPP dispersion lines, the denominator of the 
transmission coefficient is far from zero. When the denominator is zero, which happens 
to be the SPP dispersion relation given in Eq. (5.3), perfect SPP resonance will occur. 
 Figure 5.7 gives the transmission coefficient at 131.5 10  rad/sZ  u  and 
141.0 10  rad/sZ  u  to demonstrate the tradeoffs more clearly at both a low frequency 
96 
 
and high frequency. In Fig. 5.7(a), without graphene, the transmission coefficient is 
p 0.3tT  in the lateral wavevector range indicated. With graphene, the number of 
evanescent modes promoting high near-field transmission is reduced. Especially with 
high chemical potential, the peak of the lateral wavevector is shifted toward smaller 
values and narrowed.  
 
Figure 5.7  The transmission coefficient between VACNT for both uncovered and 
graphene-covered configurations, shown at frequencies (a) 131.5 10  rad/sZ  u , and (b) 
141 10  rad/sZ  u .  
 
 The trend at 141.0 10  rad/sZ  u  is quite different, as evidenced in Fig. 5.7(b), 
since graphene is able to improve the range of near-unity transmission. A “shoulder” is 
observed in the evanescent modes close to 0/ 20xk k   for 0.3 eVP  , and evolves into 
dual peaks near unity for 0.6 eVP  . One may also notice the sharp drop in pT  for 
0/ 20xk k ! . Although both frequencies satisfy hyperbolic dispersion in the VACNT 
substrate, highly doped graphene presents strong surface plasmons that can either disrupt 
or add to the hyperbolic modes depending on the frequency. 
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 The spectral heat flux mentioned in Eq. (2.28) is shown in Figure 5.8, as the 
spectral heat flux in base units of W/m2 per rad/s. Fig. 5.8(a) compares such spectra 
between uncovered VACNT and graphene-covered VACNT. Due to the large number of 
evanescent modes in the low frequency hyperbolic region, the spectral heat flux has a 
dominant peak near 131.5 10  rad/su . In the presence of graphene, this peak is immensely 
curbed. By how much, the normalized cumulative heat flux from Fig. 5.8(b) reveals the 
contribution by the low frequency modes up to 132.1 10  rad/su . The low frequency 
region heat flux contribution of uncovered VACNT was found to be 14%, but with 
graphene this drastically decreases down from 2.7% to 0.7%, from low to high doping. 
 
Figure 5.8  (a) Spectral heat flux (nW/m2 per rad/s) for uncovered and graphene-covered 
VACNT, and (b) the normalized cumulative heat flux up to the optical phonon frequency, 
143 10  rad/sopZ | u . 
 
 Meanwhile, the second peak due to the high frequency hyperbolic mode is 
improved with some doped graphene. At 0.1 eVP  , this peak not only increases in 
magnitude, but also shifts toward a higher frequency. With 0.3 eVP   and onwards, the 
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peak frequency shifts farther up, agreeing well with the interband transition shift 
discussed earlier. However, highly doped graphene comes at a cost, since the extent of 
lateral wavevectors that present non-negligible transmission ( p 0.05!T ) is reduced. Even 
with the formation of a near-unity transmission butte that is shifted toward the high 
frequency, the resulting spectral heat flux is diminished. This effect occurs in doped 
graphene at 0.6 eVP  , where the high frequency peak becomes shorter than that for 
uncovered VACNT. 
 Figure 5.9 gives relationship of the heat flux enhancement over blackbody to the 
gap distance and the chemical potential. In Fig. 5.9(a), graphene slightly improves heat 
transfer starting at 20 nmH | , and decays with 2Q Hv . Below the nanometer-scale 
sizes, a 1Q Hv  relationship is observed for the graphene-covered VACNT, which 
matches well with a recent study [179]. Despite the counterproductive effect of graphene 
at these small gap distances, the validity of using EMT in near-field calculations breaks 
down. Considering any of the three graphene chemical potentials, the enhancement over 
uncovered VACNT is provided for gap distances between 91 nm and 2 mP . With the 
latter gap distance, the heat flux enhancement over black body is insignificant anyway. 
The graphene chemical potential that results in the greatest heat flux enhancement is 
dependent on the gap distance. In the inset of Fig. 5.9(a), at 50 nmH  , graphene at 
0.1 eVP   is preferred over highly doped graphene. On the other end, at 200 nmH  , 
graphene doped at 0.3 eVP   and 0.6 eV  are preferred. The understanding is that 
increasing the gap distance shifts the anti-symmetric SPP band toward higher lateral 
wavevectors. This graphene SPP band, especially at stronger chemical potential, will 
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coincide with the suppressed VACNT SPP band situated at similar lateral wavevectors. It 
is assumed that this SPP substitution can continue to support a broad lateral wavevector 
range of hyperbolic modes. 
 
Figure 5.9  (a) Heat flux enhancement over that of black body of uncovered and 
graphene-covered VACNT for near-field gap distances between H = 10 nm and H = 100 
μm. (b) Effect of graphene chemical potential on heat flux enhancement between 
graphene-covered VACNT, and between vacuum-suspended graphene. The horizontal 
dashed line represents the heat flux enhancement between uncovered VACNT. 
 
 Fig. 5.9(b) plots the heat flux enhancement with changing chemical potentials for 
graphene-covered VACNT and suspended graphene. The solid line, representing the 
former, gives the range of graphene chemical potential that results in enhancement over 
uncovered VACNT (horizontal dashed line). At 0.22 eVP  , the heat flux over that of 
far-field black body is maximized at 241 times, and over that of uncovered VACNT at 
1.5 times. Too highly biased graphene ( 0.65 eVP ! ) results in suppressed heat transfer 
over uncovered VACNT, at least for the 100 nm gap distance. Just between two vacuum-
suspended graphene sheets, the heat flux enhancement is maximized at a low doping 
level. Looking back at Fig. 5.6(a), the SPP dispersions yield high transmission 
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coefficients throughout the contour plot. At lower chemical potential, the SPP dispersion 
lines approach an asymptotic cutoff frequency, in which above it no tunneling can occur. 
For higher chemical potential, despite the stronger resonance conditions, near-unity 
transmission is highly localized at the SPP modes, especially at high frequencies. In the 
low frequency, the anti-symmetric SPP pass-band is limited to smaller lateral 
wavevectors. When graphene and VACNT are combined, the chemical potential that 
yields the highest heat flux enhancement is increased due to the presence of underlying 
hyperbolic modes from the VACNT substrate. Essentially, the hybrid structure is 
desirable when the graphene SPP modes couple to improve the weaker hyperbolic band 
in high frequencies, but also allow broad non-local transmission in the low hyperbolic 
band frequencies and below. 
 The near-field heat transport mechanism is further investigated by evaluating the 
electromagnetic fields in each medium. The derivative of the Poynting vector with 
respect to z essentially shows the amount of energy absorbed or emitted per unit depth 
per unit time. In the vacuum gap, the Poynting vector given by Eq. (2.32) should 
correspond to the near-field heat flux. But, how will SPP modes or hyperbolic modes 
contribute inside the emitter and receiver media? Further, the presence of graphene could 
improve photon penetration. The implications of greater penetration depth would suggest 
that thicker VACNT films are needed in order to satisfy the semi-infinite substrate 
assumption [88]. 
 Figure 5.10 demonstrates the wavevector-averaged Poynting vector for both 
uncovered VACNT and graphene-covered VACNT at a vacuum gap distance of 100 nm. 
The spatially-dependent Poynting vector is first normalized to that in the vacuum gap, 
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such that ,vacuum( ) 1z zS z S   when 0 / 1z H  . The Poynting vector profiles are 
evaluated at a range of evanescent wavevectors, from 0/ 1xk k
  to 0/ 200xk k  , and 
then averaged. The lateral wavevector modes that correspond to near-unity transmission 
coefficients (from Fig. 5.6) exert greater influence on the integrated Poynting vector. 
 
Figure 5.10  Lateral wavevector-averaged longitudinal (z-direction) Poynting vector 
normalized to that in the vacuum gap, for hyperbolic and graphene SPP-hybridized mode 
frequencies (a) 131.5 10  rad/sZ  u  and (b) 141 10  rad/sZ  u . 
 
 Without the presence of graphene, no discontinuity in the Poynting vector is 
observed. With graphene sheets, Poynting vector discontinuities are seen near / 0z H   
and / 1z H  , precisely, inside the thin graphene-defined layers. The amount of 
absorption depends on both graphene chemical potential and frequency. At the low 
frequency regime 13(1.5 10  rad/s)u , in the narrowband hyperbolic dispersion that is 
supported by the suppressed VACNT SPP band, the presence of graphene has profound 
effects on energy absorption, as seen in Fig. 5.10(a). With increasing chemical potential, 
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graphene is less absorbing at the surface and promotes longer penetration depth. The 









   (5.4) 
The exponentially sloped decay begins at the interface between graphene and the semi-
infinite VACNT substrate ( gz H ' ). Without graphene, the penetration depth at 
131.5 10  rad/su  is 1.2 mG P . A summary of the penetration depths for each chemical 
potential level is given in Table 5.1. The gradual increase in the penetration depths with 
doping in the frequency band is due to the shift from VACNT SPP to graphene SPP, the 
latter situated at smaller lateral wavevectors. Accordingly, the steeper evanescent waves 
at small xk  allow maximization of the spectral penetration depth [180]. 
 
  Table 5.1 Penetration depths (G ) of VACNT-graphene near-field device. 




1.2 mP  
 
0.27 mP  
P  = 0.1 eV 3.5 mP  0.21 mP  
P  = 0.3 eV 5.6 mP  0.30 mP  
P  = 0.6 eV 7.2 mP  0.45 mP  
 
 At 141.0 10  rad/su , the hyperbolic mode is weaker, resulting in smaller 
penetration depths. As well, the discontinuity in the Poynting vector due to the presence 
of graphene is reduced. The increased penetration depth with chemical potential is due to 
the dominant modes toward smaller lateral wavevectors, in agreement with the observed 
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shape-shift seen in Fig. 5.7(b). For even higher frequencies (i.e., 142 10  rad/su ), the lack 
of intrinsic VACNT hyperbolic dispersion results in small reductions in penetration 
depths due to graphene (not shown). The general increase in penetration depth due to the 
SPP of strongly doped graphene may impose limits on the design of VACNT substrates 
in near-field thermal applications. The rule of graphene over both the VACNT hyperbolic 
and suppressed SPP modes at frequencies below 133 10  rad/sZ | u  hints the need for 
tens-of-microns thick VACNT substrates for far-infrared situations. On the other hand, 
the presence of graphene in the high frequency range has an exclusively beneficial effect. 
Since the VACNT hyperbolic is present albeit weak, the hybridization with graphene 
allows for improved radiative transfer without the need for extremely deep VACNT 
substrates. The fascinating properties of graphene uncovered in this recent discussion 
prove its favorable use in mid-infrared near-field radiative transfer between hyperbolic 
materials. 
 
  5.3 Near-Field Graphene-Dielectric Multilayers 
 The graphene-dielectric multilayers from Section 4.2 are brought now into the 
near field. Figure 5.11 shows the multilayered substrates oriented with the graphene 
sheets parallel to the interface. The same nomenclature is used as Fig. 5.1, and since the 
substrates are assumed to be semi-infinite, N  f .  
 The near-field transmission coefficient contours of multilayers separated by a 
50 nmH   vacuum gap are shown in Figure 5.12. Here, the dielectric spacer size is 
d 10 nmd  , which corresponds to the dielectric function from Fig. 4.2(b). At P  = 0.1 
eV, the transition wavelength between positive permittivity and hyperbolic dispersion is 
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Figure 5.11  Illustration of graphene-dielectric multilayers separated by a vacuum gap. 
 
14.4 mP . This corresponding wavelength is shown by the white horizontal line 
14( 1.3 10  rad/s)Z  u  in Fig. 5.12(a). Above the line, no hyperbolic modes exist, and the 
transmission coefficient is only permitting for propagating waves. Below, the hyperbolic 
dispersion is Type II, in which left of the critical wavevector ( cr 0/ 6.0k k  ) no 
transmission can occur. For higher chemical potential (0.4 eV), the breadth of the 
hyperbolic region is much larger, up to 142.8 10  rad/sZ  u , shown in Fig. 5.12(b). High 
transmission is near the transition frequency, in which the real component is near zero 
and the imaginary component is relatively large. Similar to that of graphite, the 
evanescent modes diminish toward lower frequencies since the imaginary component of 
the Fresnel reflection coefficient becomes not as significant. No SPP resonance bands are 
possible, so that penetrating evanescent modes decay relatively quickly toward the right 
of the critical wavevector. In this sense, the graphene-dielectric multilayers become a 
graphite-like near-field substrate, but enables tunability with graphene biasing. 
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Figure 5.12  Near-field TM wave transmission coefficient for graphene-dielectric 
multilayers separated by a 50 nmH   vacuum gap. The chemical potential of the 
graphene sheets in multilayers are (a) 0.1 eVP   and (b) 0.4 eVP  . The white line and 
arrow delineates the hyperbolic region. 
 
 To compare the near-field heat flux between the multilayers and graphite, the heat 
flux enhancement over that of blackbody ( BB/Q Q ) is plotted. Figure 5.13(a) 
demonstrates three chemical potential levels ( 0 eVP  , 0.1 eV, and 0.4 eV) in a gap 
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distance range between 10 nm to 10 mP . Without biasing, the multilayers have a slight 
improvement over graphite in the near field. However, due to the composition of the 
dielectric, is more absorbing in far-field radiation (i.e., 1 mH P! ). Increasing the 
chemical potential certainly improves the heat flux in the near field, but graphene at too 
high chemical potential may suffer in the far field. Increasing conductivity of graphene 
produces highly reflecting surfaces, as similarly shown in Fig. 4.4(b). Therefore, there is 
an optimal chemical potential for both near-field and far-field transport. The transition 
frequency between positive and hyperbolic permittivity determines whether the 
enhancement is favored toward the near field or far field. 
 
Figure 5.13  Heat flux enhancement of graphene-dielectric multilayers over that of 
blackbody: (a) Variation with gap distance compared to graphite, and (b) with chemical 
potential at fixed gap distance (H = 50 nm). 
 
 Fig. 5.13(b) demonstrates the heat flux enhancement with varying chemical 
potential and fixed gap distance at 50 nmH  . The best enhancement occurs at 
0.13 eVP  , and approaches graphite toward no biasing. The dielectric spacers can also 
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be tuned. However, the vacuum gap is limited by the dielectric spacer thickness when 
EMT remains valid [150,161]. Furthermore, the frequency is limited to that of the optical 
phonon transition. Nevertheless, unlike that of the graphene-covered VACNT substrates, 
the heat flux enhancement between graphene-dielectric multilayers is significantly 
changed with chemical potential of the many graphene sheets. 
 
  5.4 Conclusion 
 Both VACNT and graphite substrates are shown to strongly enhance near-field 
thermal radiation mainly due to the existence of broadband hyperbolic modes. VACNT 
arrays are demonstrated to outperform graphite as well as other bulk materials, such as 
SiC, at any gap distances. It is found that low loss in permittivity can help enhance near-
field heat transfer in HMMs with either Type I or Type II dispersion. 
 Due to the tunable semiconductor-like behavior of graphene, a pair of graphene 
sheets separated by a sub-micron vacuum gap allows evanescent wave tunneling in 
narrowband surface modes (SPP). Due to the intrinsic two hyperbolic bands and a low-
frequency surface mode in VACNT, the hybridization with graphene SPP results in quite 
complex near-field transmission regimes. Graphene SPP does not improve the lower 
frequency hyperbolic mode, since the latter is supported by the symmetric SPP band of 
uncovered VACNT. This disruption is especially strong with increased chemical 
potential in graphene. On the other hand, in the higher frequency hyperbolic band that 
intrinsically contains fewer hyperbolic modes, strongly doped graphene allows increased 
number of near-unity transmission modes due to hybridization. Due to these two 
competing mechanisms, an optimal chemical potential value for the doped graphene 
sheets results in the greatest heat flux enhancement over uncovered VACNT. Depending 
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on the frequency of interest, the presence of graphene especially under high doping can 
drastically increase the penetration depth. The VACNT substrate thickness should be 
several tens to one hundred micrometers in order to be considered semi-infinite. 
 Graphene-dielectric multilayers can significantly improve near-field transport 
over similar Type II hyperbolic substrates such as graphite. Because graphene is tunable, 
the frequency transitions between positive and single-negative (hyperbolic) permittivity. 
Increasing chemical potential shifts this frequency higher, which increases broadband 
evanescent wave tunneling, but also reduces the photon transmission in the far field. The 
multitude of graphene sheets allow for significant changes to heat transport when biasing 
is varied. These works on near-field tunneling between hyperbolic substrates may be 




  CHAPTER 6 
 CONCLUSIONS AND RECOMMENDATIONS 
 
 This dissertation has demonstrated the salient hallmarks of two types of graphite-
based nanomaterials applied to surface coating or thin film thermal radiation 
modification. The defining characteristic, hyperbolic dispersion is predicted in broad 
infrared wavelength regions in both VACNT arrays and graphene-embedded multilayers. 
In far-field optics of infrared waves, hyperbolic dispersion of a certain type suggests 
unconventional angle of refraction and loss-assisted transmission. VACNT arrays behave 
like collimating fibers, and by controlling the large-scale tilted growth of CNT, allow 
transmission along the filament axis. Furthermore, voltage modulation of graphene-
dielectric multilayers allows switching between positive and negative refraction. In the 
near field, hyperbolic substrates permit photon tunneling in steeply evanescent 
wavevectors. Due to this effect, the radiative heat flux between nanoscale-sized vacuum 
gaps is enhanced vastly, promoting contactless thermal conservation of radiating TPV 
components. 
 
  6.1 Conclusions of Major Works 
 VACNT arrays are effective absorbing radiative surface coatings in the near- to 
mid-infrared due to the refractive index matching. Beyond the interband transition at the 
wavelength near 100 µm, free electron contribution dominates and reflectance is high. 
Considering the fabrication conditions for VACNT arrays, low packing density and high 
degree of alignment can reduce surface reflection. For thin film CNT arrays, the radiative 
penetration depth is high enough to transmit rays with some internal reflection or 
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interference effect in the near- to mid-infrared wavelengths. Therefore, absorptance is 
significantly reduced in thin VACNT coatings. Therefore, the thickness of VACNT 
coatings is ideally greater than the characteristic incidence wavelength. Broadband 
hemispherical absorption in the near- to mid-infrared suggests suitable blackbody surface 
substitution. 
 In VACNT thin films, the transmission profiles are demonstrated in two far-
infrared wavelength regions defined by Type I hyperbolic dispersion. The dielectric 
permittivity in those regions permits counter-intuitive loss-enhanced transmission, which 
results in high penetration depth and good transmittance through subwavelength thin 
films. The refraction angle in VACNT is near normal for all incidence angles, and is 
more streamlined when the alignment factor is improved. Tilting of the VACNT array 
(TACNT) in the plane of incidence confirms the hypothesis that refraction is along the 
shifted optical axis, confirmed by tracing the Poynting vectors. However, heavily tilted 
arrays may not be able to support this collimation effect for all incidence angles. Due to 
the reduced surface reflectance and increased penetration depth when the incidence 
radiation is co-linear with the angle of tilting, the thin film radiative transmittance is 
selective. In VACNT or TACNT thin films thinner than the characteristic wavelengths in 
the hyperbolic regime, the transmission is favorable toward the alignment of the optical 
axis, thereby applicable to beam collimators, couplers, and spatial filters or polarizers. 
 Graphene sheets have transitioning conductive to semi-conductive characteristics 
in the mid- to far-infrared wavelength regimes. Moreover, the transition threshold is 
tunable via voltage gating or adjustment of the chemical potential. Graphene embedded 
in periodic and uniform-sized dielectric layers such as hexagonal boron nitride 
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demonstrates tunable and unconventional optics in the infrared. Depending on the 
thickness of the dielectric layers and therefore the filling ratio, transmission through the 
multilayer 2 µm-thick thin film is modulated. Since the traditionally oriented graphene-
dielectric multilayers are Type II hyperbolic due to the negative permittivity contribution 
in the direction along the graphene sheets, no negative angle of refraction is observed. 
When the multilayers are rotated such that the graphene sheets are perpendicular to the 
medium surface (side-incidence), the energy streamlines under favorable conditions 
illustrate negative angle of refraction with good transmittance. These conditions are 
increased chemical potential and incidence radiation in the far-infrared. The tunable 
conductivity in graphene allows variation between positive and negative angle of 
refraction, giving this work promise in infrared imaging and filtering applications. 
 The study of the semiconductor metamaterials offered understanding of the 
constraints in using EMT to model radiative properties. Generally, metal-dielectric 
multilayers suffer from high attenuation and may not be able to sustain coherent waves 
throughout the entire thin film. To remedy this, it is recommended to fabricate layers thin 
as possible. Furthermore, the investigation of the gradient multilayers suggests that thin 
layers near the incidence and outgoing surfaces are beneficial to anti-reflection. However, 
with limits on deposition methods, semiconductor multilayers can be tuned to have 
dielectric functions that demonstrate low loss while having negative refractive index. 
Such layers should contain small magnitudes in the permittivity for both doped and 
undoped semiconductor constituents.  
 As the vacuum gap between bodies of different temperature grows smaller, the 
heat flux between the body surfaces exceeds that of blackbodies. The implementation of 
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hyperbolic substrates such as graphite and VACNT has enhanced the heat flux over 
traditional bodies such as silicon carbide. Graphite substrates contain two broadband 
Type II hyperbolic regimes. The cutoff wavevector unique to Type II hyperbolic 
dispersion limits the contribution toward photon tunneling. Nevertheless, the near-unity 
transmission coefficient in evanescent wavevectors allows for enhanced near-field heat 
flux. Between VACNT substrates, the hyperbolic dispersion is aided by SPP coupling 
between surface waves in the double-negative permittivity regime. In effect, photon 
tunneling is permitted in very deep evanescent waves. The performance offered by 
VACNT exceeds that of graphite due to the smaller contribution of the imaginary 
component of the Fresnel reflection coefficient.  
 By covering VACNT substrates with graphene sheets, the narrowband SPP 
coupling modes are a significant mechanism for photon tunneling. The SPP modes 
hybridize with the hyperbolic modes found in VACNT, meaning that the near-field 
transmission coefficient contours exhibit smearing of both contributions. This 
hybridization does not necessarily mean improved photon tunneling. In the low frequency 
regimes, the SPP mode present in uncovered VACNT becomes suppressed. Therefore, 
the spectral heat flux is improved in just the high frequencies, especially for graphene 
with high chemical potentials. The chemical potential modulation of graphene allows for 
improved or retarded heat flux enhancement compared to uncovered VACNT. The 
enhancement in vacuum gaps greater than 100 nm is only marginally improved over that 
of uncovered VACNT. The absorption due to graphene is explained using the near-field 
Poynting vector, which also gives the photon penetration depth. The penetration depth 
serves as criterion for semi-infinite VACNT substrate thickness. Graphene-covered 
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VACNT may be considered as heat flux gating devices or frequency-selective radiative 
thermal rectifiers.  
 By bringing in multiple layers of graphene between layers of dielectrics, the near-
field enhancement due to hyperbolic modes can be tuned via graphene biasing. Oriented 
with the graphene sheets in parallel to the surfaces, the Type II hyperbolic mode is 
similar to those found in graphite. However, the boundary of hyperbolic modes can be 
tuned by changing the chemical potential of graphene. The heat flux enhancement over 
that of blackbody indeed trumps graphite in most gap distances in the near field. 
However, too highly doped graphene may present poor surface properties in the far field. 
An anomalous peak-like optimal enhancement of near-field heat transport in relation to 
the graphene chemical potential is identified.  
 
  6.2 Recommendations for Future Research 
 Possible works extending this dissertation can include: Modeling of radiative 
properties of single-walled carbon nanotube arrays using the known models of graphene 
conductivity. The effects of deformation, misalignment, and chirality in and between 
CNT can be studied using first principle simulations. Interesting graphene-based 
geometries can be probed, such as folded graphene, carbon nanoboxes, and exfoliated 
surface nanopetals. Graphene multilayers with various dielectric host materials both 
isotropic and anisotropic can be explored. The validity of EMT may be probed by 
comparing the energy streamlines and radiative properties of traditional metal-dielectric 
layers to those obtained by TMM. Radiative properties can be obtained using finite-
difference time domain software. For microelectronic packaging analysis, the results 
obtained in this dissertation can be combined with thermal conduction models. 
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 Experimental verification is needed to understand response of fabricated carbon-
nanomaterials. VACNT can be grown with varying coating thickness, to observe the 
interference effect and loss of absorption. Measurements can be performed on a Fourier 
transform infrared spectrometer, which determines the reflectance and transmittance from 
near- to mid-infrared in adjustable incidence angles. Growth of TACNT can be 
attempted, by constructing an angled substrate panel in a plasma-enhanced CVD process. 
Graphene-embedded dielectric structures have already been realized, but not in large 
quantities described by the multilayers. To enable wide crystals for side-incidence optics, 
graphene and hexagonal boron nitride may be grown together from a surface. The near-
field thermal radiation measurements can be performed using a heat flux meter within a 
cryogenic chamber. Despite some challenges of near-field nanoscale devices, it is worth 
nothing that there has been significant progress on experimental investigation of near-
field radiation in the recent years. Further study of near-field thermo-electric effects are 
worth pursuing for the advancement of scanning probe microscopy, solar energy 




  APPENDIX A 
KRAMERS-KRONIG VALIDATIONS 
 
The wavelength for which graphite is defined is between 0.23 mP  and 1200 mP . 
Equivalently, this is between 43,500 cm-1 and 8.33 cm-1. Ideally, the frequency is defined 
for both higher and lower bounds. 
 
Figure A.1  K-K transformation of graphite refractive indices in (a) ordinary and (b) 
extraordinary directions. The transformation plots of VACNT dielectric function at 
default filling ratio and alignment in (c) ordinary and (d) extraordinary directions. 
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The refractive index for graphite matches well for the ordinary direction. 
However, for the extraordinary direction, there is some disagreement or offset. The 
difficulty of measuring the extraordinary (parallel to optical axis/perpendicular to the 
surface) component reflectance is described in Nemanich, Lucovsky and Solin (1977) 
Solid State Communications. Comparing the real component of the VACNT dielectric 
function and that determined from the K-K relation demonstrates the validity of the EMT 
formulations. The K-K calculations match well within a centered wavelength range. The 
deviations at both long and short wavelengths may be due to the limited defined 





  APPENDIX B 
  GRAPHENE CONDUCTIVITY MODELS 
 
 The conductivity of graphene was measured by Z.Q. Li and colleagues (Ref. [61]) 
by reflection, transmission and ellipsometric measurements of a graphene-silicon 
multilayer structure. The temperature was held in cryogenic conduction (45 K). The gate 
capacitance through the silicon is 2g 115 aF mC P
 , which relates the voltage gating (V) 
to the carrier concentration, 
  g /N C V q  (B.1) 
The chemical potential (Fermi level) can be related to the carrier concentration by the 
following relationship, 
  Fv NP S  (B.2) 
where the Fermi velocity is 6F 1.1 10  m/sv  u . Figure B.1 plots the real and imaginary 
parts of the graphene conductivity against the wavenumber (Q ). Some differences 
between measured and modeled conductivity is due to the purity and electron mobility 
that varies from sample to sample [124,181]. The shape due to the interband transition 
suggests good matching between the conductivity models to measured data. To find the 
interband transition, where the imaginary component of the conductivity is minimum and 
the real component is in the vicinity of 0.5 (through a Heaviside-like function), the 
frequency is inter 2Z P . Figure B.2 plots only the modeled conductivity in terms of the 
angular frequency, in which the interband transition is only observed for graphene with 





Figure B.1  Modeled (solid) versus measured (dotted) conductivity of graphene, taken 
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